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KEY   TO   PART  II. 


,*,  There  are  a  few  solutions,  (to  which  a  star  is  prefixed,)  which  correspond  to 
questions  given  in  the  Octavo  Edition,  but  not  in  the  Duodecimo.  This  has  arisen, 
in  some  cases,  from  the  same  question  having  been  accidentally  repeated  :n  the 
latter — in  others,  from  the  question  being  considered  for  some  reason  defective, 
and  replaced  by  a  better  one  in  the  larger  Edition,  to  which  the  Key  exactly 
answers. 

Tlie  bracket  (  )  will  be  used  to  refer  to  Articlet  in  Part  I, 
[  ]  to  Articles  in  Part  II. 

Ex.  4. 

7    Let  "-x-i.    then  "  -  x -^^±^  -  ^±^ 
7.   Let  j-a:-^,    then  ^  -  a:  -     ^^^     -^-^, 

_  (6  +  md)  X  _a  +  mc 
b  +  md        6  +  md' 


,^a  h  ^,        a  {c  -  d)y     a  -b     . 

let   -  =  y  =  -'  then  -  =  y  =  - ^= ; ,  &c. 

c     "     d  c     ^        c-d        c-d 

d' 


C  U  V  c  —  «  V  —  u 


Ex.  9. 

1.   Observe  to  assume  v'(22  ±  10  V?)  =  a;  ±  Vy.  not  \^(10  V7  ±  22). 

7.  Let  ^/{m  (1  -  f  ^2)]  =  a;  ±  Vy; 

.■.x'-y  =  vV  in  -  ¥)}  =  ^(-  x\m*)  =  -  i  if  „,  =  i. 

.•.  y  =  3^  +  i;  but  |m  =  a:^  +  3a:y,  or  4a^  +  f a;  =  g ; 

.-.  a:  =  f,  y  =  i,  andA/{ia±fV2)}  =  i±Vi, 

or^(i±iV2)  =  ?4/^  =  ?^  =  Vi±Vi. 
2vi-  V4 

8.  Let  V{»»(22  +  9V6)}  =  ic  +  Vy; 

.-.  a^  -  y  =  V{-  2m*)  =  -  2,   if  m  =  2; 

.-.  y  =  a:*  +  2 ;  but  22m  =  se^  +  3xy,  or  2a:»  +  3*  =  22} 

.-.  *  =  2,  y  =  6,  and  -^{2  (22  ±  9  v'6)}  =  2  ±  V6, 

or  V(22  +  9  V6)  =  ^4  ±  v'M. 

KEY— PART  II.]  a 
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9.  Let  V{m  (23  +  22  ^2)}  = -^/x  ±  Vy ; 
.".  X  -y  =  %'{- 243?n*)  =  -  7,  if  m  =  1 ; 
and  2  (a;  +  y)  =  V(1593  +  1100  V2)  +  V(1593  -  1100  V2) 
=  V3148.62  +  V37.38  =  (14  +/)  +  (4  -/)  =  18,  &c. 

10.  As  before,  -we  get  a:  -  y  =  ^(-  54?n*)  =  -  6,  if  m  =  2 ; 

and  2  {x^y)  ^  V{4  (296  +  110  V7)}  +  &c.  =  72348.108  +  ^19.892 
=  (13  +/)  +  (3  -/)  =  16 ;  whence  x=\,  Vy  =  V?. 
and  V(ll  +  5  V7)  =  (1  ±  -^1)  v  Vm  =  (1  ±  V7)  v  V2. 

11.  As  before,  we  have  x  -y  =  V(32w')  =  2,  if  m  =  1 ; 

and  2(a;+y)  =  v215231.95  +  V.047  =  (ll+/)  +  (l-/)  =  12;  &c. 

12.  As  before,  we  have  x  -  y  =  \/(-  327n*)  =  -  2,   if  m  =  1 ; 
and  2(a:  +  y)  =  v'23167.616  +  ^.384  =  (7+/)  +  (l-/)  =  8;  &c. 

Ex.  lo. 

8.   (iii)  V-64  =  8V-1; 

.-.  V-  64  =  V(8  V- 1)  =  V(0  +  8  V-  1)  =  V*  +  Vy.  suppose ; 
.*.  V(0  -8 -/-!)  = '^x-  Vy,   and  a;  -  y  =  V64  =  8; 
but  (119)  a:  +  y  =  0;  &c. 

Ex.  11. 

4.  ar*  +  2a;-4  =  5 :  mult  by  s^-,  then  2a;  -  Sa;*  +  2  =  0; 
.*.  a:*  =  2  or  ^,  and  a;  =  4  or  ^. 

13.  Put  s  =  V(a:  +  7) ;   .-.  z  +  f  2«  =  5. 

14.  Put  8  =  7(73:^-53;  + 1);  .*.  s*-83-f-7  =  0,  whence  s  =  l  or  7; 
.-,  7«*  -  5ar  +  1  =  1  or  49,  &c.  • 

15.  Put  z  =  V(ll^  -  2x*  +  2);  then  the  equation  being  (when 
multiplied  by  2  and  reduced)  2a:*- lla:  +  14z  =  42,  we  have 
z*  -  14z  +  40  =  0,  whence  z,  and  then  x. 

16.  Put  z  =  V(2^-7^  +  6);  then  2*  +  2z  =  0,  and  z  =  0  or  -2. 
18.   The  equation  being  ax  +  a  V(^  -  aa:  +  i*)  =  ar*  +  ab, 

put  s  =  V(^  -ax  +  6*).  For  19  and  20,  see  15. 

21.    {x*  -  16)  +  ^{3?  -  16)  =  12 ;  put  V(a;'  -  16)  =  z. 

23.*  Square  and  transpose :  then 

a;*  -  6a:*  +  9  =  9a:*  -  42a:  +  49,  or  «»  -  3  =  ±  (3ar  -  7). 
24.*  «•  -  98a:*  +  2401a:*  =  9z*  -  126a:  +  441 ;  .-.  a;  (a:*  -  49)  =  ±  3  (a:  -  7) , 
and  a:  =  7,  or  a:*  -  7a;  =  ±  3. 
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Ex.  12. 

1.  (a*4-2+a:'*)  +  (aJ  +  a;-*)  =  6,  or  z*  + 2-6  =  0,  whence  2  =  2  or -3: 
if  x  +  ar"'  =  2,  then  a^  +  1  =  2x,  &c. 

2.  Put   s  =  V(a:*  -  5z  +  5) ;    .•.  5z  -  a:*  =  5  -  2*,    and  (from  the 
equation)  3  (5  -  z*)  +  4z  =  16,  &c. 

3.  (x*-2  +  a:"*)  +  (a: - «"')  =  0,  or  s*  +  z  =  0,  -whence  z  =  0  or  - 1. 

4.  Since  a;  =  1  is  a  root,  divide  by  a:  -  1 ;  then 

a;*  +  a:*  +  a:*  +  a;  +  1  =  0,  or  a;*  +  a:  +  1  +  a;"'  +  a:"*  =  0, 
or  (a:*  +  2  +  a:-*)  +  (a?  +  a:->)  -  1  =  z*  +  2  -  1  =  0; 
hence  z  =  |(-l  +  V5)  =  a:  +  ar'\  and  (- 1  ± V5) ar  =  2a:*  +  2,  &c. 
6.  a:*  +  1  =  J)  (a:  +  1) ;  .*.  a:  +  1  =  0,  and  a:*  -  a;  +  1  =  ;?. 

6.  One  root  is  evidently  x=l;  div.  by  x-1,  we  have  2a:* +ar -1-1=0. 

7.  See  [63  Ex.  2.]       8.  ar'-fl+j9a:(x+l)  =  (a:+l)(a:*-a;+l+ijx)=0. 
9.  (n*  + 1 )  a:*  -  4noa;  -f  (n*  + 1 )  (a*  -  c*)  =  0,  a  common  quadratic. 

10.  (a:*  +  1)  -  (ar*  +  a:)  -  l%x*  =  0,  a  recurring  equation, 
whence  36z*  -  36z  -  91  =  0,  &c. :  see  Ex.  12.  1. 

11.  a:*  -  1  =  3a:  (a:*  -  1) ;  .-.  a:*  -  1  =  0,  and  ar*  +  1  =  3a;. 

12.  a:*  -  a;  =  2  (x  +  1) ;   .'.  ar  +  1  =  0,  and  a:  (a;  -  1)  =  2. 

13.  a:  -  1  =  2(1  +  a;"*)  =  23:'*  (a:*  +  1); 

.-.  ari  +  1  =  0  (i),  and  a:i  -  1  =  2a;-*,  ora;-a:4-2  =  0  (ii). 
,.     ji,/l  +  zV"      ,       3,1+a;  .     ,  .„        ?,l+a; 

14.  V h; I    -  1   =  V, ,    or   Z*-  1  =2,    if  2  =  V; . 

\l-a:/  1-a;  1-a: 

15.  4(n*x+naa:*)  =  {(3»-a)a;-n}V=(3«-o)*a:*-2(3n-a)  nx^n*; 
.:  (9n*  -  lOna  -{-a*)!*-  2»  {on  -a)x  +  n*  =  0, 

which  solve  as  a  quadratic  by  (128),  observing  that 
9n*  -  lOwa  +  a*  =  (9n  -a)  (n  -  a). 
16.*  a  {-Jx  +  V6)  =  (a:  -  6)  (Va;  -  V^)  =  Ux  +  V^)  (V«  -  V*)*; 
.*.  V^  +  V^  =  0,  and  -Jx  -  -Jh  =  ±  ^a. 

17.  a:*  -  1  =  2px  (a:  -  1) ;  .*.  a;  -  1  =  0,   and  a:*  +  a;  +  1  =  2px, 

or  a:*-(2p-  l)a;+  1  =  0. 

18.  a:*+l-3(a^-ar)-fa:«  =  0;  or  9(x*  +  a:-*) -27  (a;-a:-*)-4=0; 
.'.  9z*  -  27z  +  14  =  0,  if  2  =  a:  -  x'^,  &c.,  as  in  Ex.  12.  1. 

19.  3^-^  =  \^x,  whence  9ar'  -  13x  =  4,  or  9a;^  -  9x  =  4x  +  4; 

.'.  9x(x*-l)  =  4(x+l),  whence  x-l-l  =  0  and  9x(x-l)=4,  &c. 

20.  a;'»-l=(a;«+l)(x*-l)  =  (a;*-l-l)(x*-x'+l)  (x»-l)  (x«+x*+l)  =  0; 
.*.  a:*  +  l=0,  x=±V-l;  a;*-l  =  0,  a;=±l;  x*-a:*  +  l  =  0, 
aJ*  =  i(l±V-3)  =  i(2  ±2^-3),  and  a:=  ±  J(V3  ±  V- 1); 
a;*  +  a;*  +  1  =  0,  a;*  =  t  (-  2  ±  2  v'-  3),  and  a;  =  ±  i  (1  ±  v"-  3). 

a2 
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21.   (x*  +l)-l(a^-x)-ia*  =  0:  see  Ex.  12.  18. 
22.*  a:  +  o  =  (x^  +  a^f  -  Sa^x^  (x^  +  a^)  =  6  -  Sa^xh^, 

or  (x3  +  a^y  -b  =  3a' a:^  {(a;^  +  a^)  -  6^ ;   .*.  {x^  +  a)^  -  6'  =  0, 

and  («5  +  o^)*  +  (a;'  +  o')  &'  +  j3  _  3033.3^ 

1        1        'I        s       1  1       «       • 
or  x^  -  (o^  -  b^)  x'  +  (o^  +  a^o^  +  6')  =  0,  a  common  quadratic. 

23.  (a^  +  9)  +  V(a;'  +  9)  +  i  =  a:*-a:*  +  i,  or  V(a^  +  9)  +  l  =  ±  (^*-i); 
.-.  (i)  V(a;*  +  9)  =  a;'  -  1,   and  a:*  +  9  =  x«  -  2a;»  +  1,  &c.; 

(ii)  V(«*  +  9)  =  -  a^,  and  x*  +  9  =  a;*,  &c. 

24.  4a*  +  12a;  V(l  +  a-)  +  9  (1  +  a:)  =  36  (1  +  a:); 
.-.  2a:  +  3  V(l  +  a:)  =  ±  6  V(l  +  x) ; 

.-.  (i)   2ar  =  3  ^'(1  +  a;),     4.t*  =  9  (1  +  ar) ; 
(ii)  2ar  =  -  9  V(l  +  «),  4a^  =  81  (1  +  x). 

25.  (x  +  l)*-8(a:+l)V«  +  16a:  =  0;   .'.  (a;  +  1)  -  4 ^ar  =  0. 

26.  By  (80)  — P^ — -  =  - — ) \,  and  .'.  also  -=\  ,-) -; 

whence  (4n«  -  1)  a:*  -  2  (3n*  -  1)  aa;  -  (/»» -  1)«  a»  =  0. 

27.»  (a  -  1)  (a:*  +  1)  -  4a (ar»  +  1)  +  6aa:»  =  0, 

or  (a  -  1)  (ar«  +  a:'')  -  4a  (a:  +  a:'')  +  6a  =  0, 

whence  (a  -  1)  z*  -  4as  +  (4a  +  2)  =  0,  if  z  =  a;  +  x'\ 

no    T>    /o=\       o  +  a;         c  +  x       .a-\-x 
28.   By(85),   _^-^^  =  _  =  V^r^;     ■ 

.o  +  a;     (e  +  x\*        ,        .    ,      ._..    a;       2ca;       ^ 

•  •  a"^ = l^ '  ^^'^  "s^^°  ^y  (^"^'  r  ?T^'  ^'• 

^9.  By  (85),  ^-^^^;*-°^>  =  (i^J  =  1  -  V(l  -  ^);  &c. 

Qn    -D    /o-\       oa;+l  ,aa;  +  l      6*a:  +  2  ax     6 V  +  4 

oU.    iJV  (00),    . T =  a/ = :    .•.  — =  _       — . 

^^     '''V(aV-l)     ^aa:-l      6^a;-2'  1  46'ar 

31.  From  (1), 

x*  +  i/  +  4xy  (x*  +  y*)  +  Gx'y*  =  625  =  97  +  4a;y  (25  -  2ry)  f  6x'y*; 
whence  xy,  and  then  x  and  y  from  (1). 

32.  See  Ex.  12.  31. 

33.  Divide  (1)  by  (2),  and  subtract  the  quotient  from  the  fourth 

a' 
power  of  (2) ;  then  5xy  (a;*  +  a;y  +  y*)  =  6*  -  -  =  5xy  (h*  -  ary), 

whence  xy,  &c. 
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34.   From  (1)     ■ — .-——^  =  tt;  ,  from  (2)  7^ .  ,/    ^  =  —  : 

^  '  il-y){l-x)     13'  *■  '  (1+y)  (1-a:)     13' 


1  +y_9        _  5 
'■•  l~y-4'  y~13' 


and  (1)  becomes,  by  putting  y  =  1*3,  169a:*  -  72a;  -  241  =  0. 
Also  (1)  and  (2)  are  satisfied  by  putting  together  2-a;*-y*  =  0, 
and  1  -  x  =  0',  whence  a;  =  1,  y  =  +  1. 

35.  From  (1)  a^y*  =  o*  (ar*  +  2xy  +  y')  =  o*  {~  +  2xy),  whence  xy : 
(i)  xy  =  0  will  plainly  require  in  (1)  and  (2)  x  =  0,  y  =  0 ; 
(")  ^y  =  j»T^'  gi^es  m  (1)  a;  +  y  =  ^—^^ ,  &c. 

36.  1  +  ^-^  =  2  V^s^,  or  1  +  a*  =  2a,  whence  z  =  1,  &c. 

6x  ox 

37.  In  (J)  put  y  =  vx',  then  4»' -  7»  +  3  =  0,  and  »  =  1  or  %; 
in  (2)  put  (i)  y  =  x,  and  (ii)  y  =  fa?. 

38.  In  (1)  and  (2)  put  y  =  »x;  then 

x*  (1  + 1>^)  =  208,  a?  (»»  +  v^)  =  1053 ;   and  ^^^^  =  c*  =  »-i ; 
.-.  V  =  Y.  «*  =  208  ^  (1  +  t;^)  =  64,  &c. 

=  20  +  i  =  Y;  .•.  (-+ 2)+Vy  =  ±|-.  in^Wch  put  a;  =  4y-8 
from  (2) :  then  — +  -/y  =  4  or  -  5 ;  (i)  gives  y^  =  2,  y  =  4, 

a;  =  8 ;  (ii)  gives  y*  +  9y  -  8  =  0,  of  which  a  root  is  y^  =  -  1, 
.•.  y  =  1,  a;  =  -  4  J  and  the  other  factor  is  y  +  8yi  -8  =  0,  &c 

^-y*-  ^  +  y    from  (21  '^^ - y* - ^ " y 


40.   From  (1)  :^-iL=  J^-ZX,   from  (2)  -^j^^ —, 


whence  a:*-y*  =  2a:y,  and  a:* - 2a:y  +  y* - 2y* ;   /.  a;=y(l±v'2); 
/.  (1)  gives  2=^1^,,   or  2(a:»  +  y*)=a:  +  y; 
.-.  2y'(4±2V2)=y(2±V2);   .-.  y=0  or  i,  z=0  or  ^(1  +  ^2). 


6  KEY   TO   PAKT  II. 

41.  From  (1)  a;*  +  a:y  +  y*  =  {x  +  -Jixy)  +  «/}  {x  -  -Jixy)  +  y}  =  a*j 

but  (2)  z  +  'Jixy)  +y  =  b',  :.  x-  -J^xy)  +  y  =  -^  ; 

adding  and  subtracting  these  two  equations,  we  get  x  +  y 

and  'Jixy). 

1 

42.  (l)x{2)  gives  {xyT*"  =  a*'"b'^cd,  and  .-.  xy={a^'"b^'cd)"'"'; 

I 
(l)v  (2)  gives  (ry-»r-»  =  cd-\       and  .-.  ary"'  =  (cc^-')"-"; 

multiply  together  these  results  for  x,  and  divide  for  y. 

43.  ,    .    ,    =Vg;  •••  V-  =  i — v.  or  -  =  — ^     ,  whence 
Var  +  Vy  "y     1-Va;         y     M  -  V«/ 

7T^  =  f7?  =  -79^°°^(2);  .•.a;-2V(2:r)  +  l=0.  &c. 

X  +  y     1  +  a;     y  2 

02-6 

44.  Put  y=xz;  then  (l)f  (2)  gives  z*=  — v- ,  or  az(s»-l)=6(z*-l); 

.*.  3  =  1,  and,  dividing  by  z-  1,  we  get 

OS  (z*  +  z  +  1)  =  i(z*  +  z*  +  z»  +  z  +  1), 
a  recurring  equation,  which  may  be  solved  as  in  [63  Ex.  3] ; 
then  from  (2),  x  =  a-  bx,  y  =  zx. 

45.  Square  the  equation :  then,  by  reason  of  (2),  the  middle  terms 
will  disappear,  and  we  get 

y'ia-x)  ix-b)+a^{a-y)  (6-y)  =  4(6'(a-a;)  (a-y)  +  a»(x-6)  (6-y)), 
whence  (a-x)  {y*(a;-&)-4&''(a-y)}  =  (&-y)  {4a'(a:-6)-a^(a-y)}, 
or  (a-x)  {4«6(y-6)-6y*+46*y}  =  (h-y)  {4rt*a;-ax*+4a6(z-a)}; 

.-.  (a  -  a:)  ( ^  +  46*y)  =  (&  -  y)  (4a'a: ), 

X  y 

or  b'y(a-x)  (x-a)  =  c*a:(6  -y){y-  b);  .:  -I--  =  ±  -, 

y  —  V        0 
where  substitute  for  y  from  (2). 

46.  From  the  square  of  (1)  subtracting  (2)  we  get 

2(a:y  +  xz  +  ys)  =  112  =  2(xy  +  y*  +  yz)  =  2y  (x  +  y  +  z)  =  28y; 
.•.  y  =  4,  whence  x  +  z  =  10,  x*  +  z*  =  68,  &c. 

47.  (1)  X  (2)  X  (3)  gives  x*yV  =  c'iVxyz,  or  xyz  =  abc, 

.-.  (1)  gives  ^^  =  c%  &c.  48.  See  (46). 

49.   (871  -  y')«  +  y»  +  (877  -  y«)*  =  3037, 

or  2y*  -  3495y*  +  15247i33  =  0;  &c.  50.   See  (46). 
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Ex.  13. 
N.B.  Observe  that  sero-values  of  x  and  y  are  not  reckoned. 

1.  'ix  +  5y=  100  -  7z :  take  z  from  1  to  13  (not  14,  for  then  [72* 
we  should  have  c  <  (a  +  6) ;) 

if  «  =  1,  then  3a;  +  5y  =  93,  or  a:  +  f y  =  31, 
■whence  (since  x  and  31  are  integers)  we  must  have  y  =  3^; 
and  .',  a;  =  31  -  5t,  which  has  6  solutions :  so  giving  z  the 
successive  values,  2,  3,  &c.,  13,  the  resulting  equations  will 
have  6,  5,  4,  4,  4,  3,  3,  2,  1,  2,  1,  0,  solutions  respectively, 
and  the  sum  of  all  the  solutions  is  therefore  41. 

oar  +  7y  =  144  -  llz:  take  z  from  1  to  12;  the  number  of 
solutions  will  be  3  +  4  +  3  +  2  +  3  +  2  +  2  +  1  +  1  +  1  +  1  +  1  =  24. 

17a:+ 19y  =  200- 21z:  take  z  from  1  to  7;  the  number 
of  solutions  will  be  0  +  0  +  0  +  040  +  1  +  1;=  2. 

[This  equation  may  be  best  treated  by  putting  ar'  for  a:  +  y  > 
thug,  if  z  =  1,  then  17a:  +  19y  =  179  =  17a:'  +  2y,  whence  (as 
usual)  a:'  or  a:  +  y  =  2^  +  1,  y  =  81  -  17^,  and  .'.  a:  =  19^  -  80, 
which  give  no  positive  integral  simultaneous  values  for  both 
X  and  y.] 

2.  Expressing  all  in  sixpences,  we  have  a:  +  y  +  z  =  30  (i)  and 
7x  +  9y  +  13z  =  360(ii),  whence  2y+6z  =  360-7(a;  +  y  +  z)  =  150; 
.'.  y  =  75 - 32,  whence  z<25;  and  also  y  +  z  =  75-  2z<30  by  (i); 
whence  2z  >  45,  or  z  >  22 ;  hence  the  solutions  are  z  =  23, 
y  =  6,  a;  =  1,  or  z  =  24,  y  =  3,  a:  =  3. 

3.  Expressing  in  fourpences,  12a;+9y+z=120,  or  9y+z=120-12a", 
where  we  must  evidently  take  the  greatest  possible  value 
for  X,  viz.  9 ;  and  then  9y  +  z  =  12,  where  y  =  1,  z  =  3,  and 
a?  +y  +  z  =  13. 

4.  Let  the  number  of  gallons  required  be  100a:,  lOOy,  lOOz; 

then  (1)  a:  +  y  +  z  =  9,     (2)  12x  +  15y  +  ISz  =  153; 
.-.  (2)-12x(l)  gives  3y  +  6z  =  153-12x9  =  45,  andy  =  15-2z, 
whence    z<8;    also   y  +  z  =  15  -  z,    and   by  (l)y  +  z<9; 
.-,  z  >  15  -  9  >  6;  .-.  z  =  7,  y  =  1,  a:  =  1. 

5.  (1)  a:  +  y  +  z  =  50,  (2)  7a:+ 12y  +  17z  =  750;  .-.  (2)-7x(l)  gives 
6y  +  lOz  =  750  -  350  =  400,  and  y  =  80  -  2z,  whence  z  <  40; 
also  y  +  z  =  80  -  z,  and  by  (1)  <  50 ;  .-.  a  >  80  -  50  >  30, 
and  z  may  range  from  31  to  39. 
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6.  15x  +  lG>/  +  20z  =  {x+y^z+10)lll-,  or  lla;  + 14y  =  340- 26«, 
whence  z  <  ^2^  <  14 :  but  [72]  we  see  at  once  that  it  is  useless 
to  take  z  >  12,  and,  on  trial,  it  will  be  found  that  10  is 
the  highest  value  that  can  be  taken  for  z,  when  lla;  +  14t/  =  80, 
whence  x  =  6,  y  =  1. 


Ex.  15. 

1.  Mult,  by  12:  then  3  (a:+2)+4a;<6(a;-4)+36  and>6(x+l)+4, 
which  gives  x<6  and  > 4 ;   .-.  x  =  5. 

2.  -  +  -  =  — - — ,  which  IS  >  2,  since  or  ■\-o*>  2ao. 
0      a         ab 

or  a*  -  ai  +  6*  >  ab,   or  a*  +  6*  >  2db. 

5.  a^if  =  a'c*  +  h*d*  +  (a*d*  +  6V) ;  but  a*<?  +  6V  >  2a(i.6c  >  2ac6rf} 

.-.  arV  >  aV  +  2acbd  +  6*^*,  &c. 

o*-  6* 

6.    ^  =  a'  +  a*6  +  a6*  +  6'  <  a'  +  a'  +  a*  +  o'  <  40*; 

.-.  a*-5*<4a'(o-6). 

7.  a*  +  6*  >  2a&,  a*  +  c*  >  2ac,  &'  +  c*  >  26c :  add  these  results. 

8.  By  [74  Ex.  2]  d'+h^>a*b^aV,  ¥-^<?>h*Cih(?,  a\c'>a^crac'i 
add  these  results. 

9.  a'+b*>2ab;  .•.  a*c+b*c>2abc;  so  o*6+o6*>2a6c,  a'c+6'c>2aic; 
add  these  results. 

10.  (a  +  ft  +  c)'  =  (a»  +  6'  +  <r')  +  3(a'6  +  o*c  +  &c.)  +  6aAc>i(o»6  +  &c.) 
+  3  (a'6  +  &c.)  +  6abc  >  2labc  +  6abc,  by  last  two  Examples. 

11.  (l-o)*  is  positive,  whence  l  +  6a*+a*>4(a+cr');  but  2a<l-t-a*, 
or  2a''  <  a  +  o^;   .-.  a  fortiori,  1  +  4a'  +  2a*  >  3(o  +  a'). 

12.  {a  +  b-c)  (a  +  c-b)  =  c^-(b-cy<a^',   so  {b~a-c)  {b-TC-a)<b\ 
ic+a-b){c^b-a)<c';   .:  (0+6-c)' (a+c-6)*  (6  +  c-a)»<a*iV. 


Ex.  17. 

Let  A  =  mB,    C=xB,    D  =  yB;    then,  if  AC  =niy    and 
B^-pCD,  we  have  (i)  mx^nx^,   (ii)  \=pxy, 

whence  a:  =  -/ ,   y  =  V — ,  that  is,  both  are  constanti; 

mp  np 

{A+Bn  Cy     {m  +  l  +  x)* 

. .  ^^ — .^^~,v^-^  =  ^^ >  a  constant  quantity. 

A  BCD  mxy 
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Ex.  18. 

6.  As  in  [88  Ex.]  n  =  10,  or  the  20  men  must  be  combined 
10  together.  Now  leave  out  the  particular  man;  and  form 
Combns  of  the  other  19  men,  9  together,  into  each  of  which  in- 
troduce the  man  left  out,  and  we  have  the  Comb"s  required. 

6.  If  all  the  numbers  on  the  two  dice,  (A  and  B,)  were  diflFerent, 
the  n°  of  different  throws  would  be  m  {m  -\-  n) ;  but  here  the 
throws  will  be  of  the  form  1  and  1,  1  and  2,  2  and  1,  1  and  3, 
3  and  1,  &c.,  and  it  is  plain  that  there  wiU  be  m{m-  1)  pairs 
of  duplicate  throws :  (thus  the  1  of  ^  may  l)e  taken  with  the 
2,  3, 4,  &c.  m,  of  B,  the  2  of  ^  with  1,  3, 4,  &c.  m,  of  B,  the  3 
of  ^  with  1,  2,  4,  &c.  m,  of  B,  and  so  on,  every  one  of  which 
throws  will  plainly  be  repeated;)  hence  the  whole  n°  of  dif- 
ferent throws  will  be  m  {7n  +  n) -  ^m  {m  -  1)  =  mn  +  {m  (m  + 1). 

7.  Instead  of  figures  1,  2,  3,  &c.  let  us  use  letters  a,  b,  c,  &c., 
and  suppose  A  to  be  marked  with  a,  b,  c,  B  with  a,  b,  c,  d)  e,f, 
C  with  a,  b,  c,  &c.  ff,  h,  D  with  a,  b,  c,  &c.  k,  I,  m,  n. 
Now  the  number  of  different  throws  will  plainly  be  the  num- 
ber of  different  terms  in  the  product 

(a+6+c)  (a+6+c-f£?+e+/)  (a+64&c+^+A)  (o+ftf&cf^+w  +  w) 
=  »  (»  +  a;)  (»  +  a;  +  y)  (v  +  X  -1-  y  +  z)  suppose 
=  »{(»  +  xf  +  (»  +  xy  {2y  +  z)  +  (w  +  a:)  1/  (y  +  z)} 
=  »*  +  Zv^x  +  3uV  -I-  vx^  +  2v^y  +  ^r^xy  +  2vx*y  +  «*«  +  2v^xz 
+  vx^z  +  v^y^  -f  v^yz  +  vxy^  +  vxyz. 

Now  V*  =  (a  +  6  +  c)*,  in  which  the  number  of  different  terms  is 

■  '  '  '    =  15 ;  again  (in  3»^x  or)  in  v'x  =  (a  +  6  +  c)*  («?  +  e  +/) 
l.^*o.4 

3.4  5 

it  is     '  ',  X  3  =  30;  proceeding  similarly  with  the  rest,  (ob- 

serving  that  y  =  g  +  h,  z  =  k  +  I  -\-  m  +  7i)  we  have  the  whole 
number  of  different  terms  in  the  product 
15+30+36  +  30  +  20+36  +  36+40+72  +  72  +  18+48427+72=552. 

8.  (i)  Any  three  of  the  n  -p  points  may  be  taken  together,  tlnis 
forming  ^^{n  - p)  {n  - p  -  \)  {n  - p  -  2)  triangles;  (ii)  any 
two  of  the  n  -p  may  be  taken  with  any  one  of  the  p  points, 
thus  forming  \(n-p)  {n-p-  l)xp  triangles;  (iii)  any  one 
of  the  n-p  may  be  taken  with  any  two  of  the  p  points, 
thus  forming  {n  - 2J)  ><  Ip {p -  1)  triangles:  the  sum  of  these 
three,  when  reduced,  gives  the  Answer. 
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Ex.  25.  ' 

3.  log  20000  =  4.3010300,  log  20001  =  4.3010517;  .-.  D  =  117,  &c. 

4.  log  31000  =  4.4913617,  log  31001  =  4.4913757;  .'.  D=  140,  and 
(i)  for  31000.23,  5=1-^^x140  =  23x1.4  =  32;  (ii)  for  31000^, 
5  =  ix  140  =  35;  (iii)  31  ^oVo  =  31.00075,  and  for  31000.75 
or  3l000f,  5  =  I  X  140  =  105:  in  each  case  the  value  of  5  is 
to  be  added  to  the  mantissa  for  31,  and  the  Char<=.  determined 
by  inspection. 

5.  .1839883  +  .1706278  +  .1558123  +  .1426420  =  .6530704,  from 
■which,  taking  the  lowest  of  the  two  given  mantissse,  we  have 
5  =  27 ;  also  D  =  diff.  of  given  mantissae  =  97,  for  which  we 
may  construct  a  Table  of  Pro.  Parts;   or  thus,  by  [112], 

-  0      27 


Ex.  26. 

log  800      2.9030900 
^-  *  =  "b^  =  T69^9700  ~  ^•^^"^* 

—  nx 

4.  a"  =  b'"'" ;  .".  —  log  a  =  (7ix  -  a)  log  6,  or 

m 

X  {mn  log  h  -  n  log  a)  =  ma  log  b. 

5.  (1)  gives  a:  log  a  +  y  log  6  =  log  c,   from  which  and  from  (2) 
find  X  and  y. 

6.  (a  +  bf  (a  +  by-'  X  (a  -  bf  =  (a  -  bf ;  .-.  (a  +  6)'*'  =  (a  -  b)"\ 
•whence  a;  +  1  =  0. 

7.  3*=  -  1  =  3  (a:*  +  1),  or  a:**  -  3a:*  -  4  =  0,  whence  ar*  =  4  or  -  1, 
and  X  manifestly  =  2  or  -  1. 

8.  2x  (log  5  -  log  2)  +  (3a;  -  5)  log  5  =  (a:  +  1)  (log  5  -  2  log  2) 

+  (2  -  a;)  (3  log  2  -  log  5),  whence 

a;  (3  log  2  4-  3  log  5)  =  4  log  5  +  4  log  2;  .-.  x  =  1|. 

9.  From  (1)  a;*"  =  y"  =  (t/*)'  =  x°*  from  (2);  .•.  by  =  ax:  whence 
substitute  for  y  in  (2). 

10.  Dividing  by  a",  we  have  a**  +  1  =  a**,  or  c**  -  a**  -  1  =  0,  &c. 

11.  o**  +  1  =  ba',  or  o"  -  6o'  +  1  =  0,  &c. 

12.  Put  z  =  |(Va:  + Vy);  .'.  z  log  a;  =  f  log  jr,  z  log y  =  J  log «, 
whence  log  y  =  \  log  x,  and  .•.  z  =  f  j 

i  t 

hence  (ii)  y^  =  x^,  or  y*  =  a; ; 

••.  s  =  i(a;«+y<)  =  i(a:^  +  a:8)  =  f,  whence  «§  =  J (- 3  ±  V57>. 
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Ex.  28. 

2.  The  question  is  the  same  as  if  the  sum  had  been  at  Interest 
for  20  yrs  at  2'  per  cent,  per  ann.;  .-.  M=  PR"  =  50  (1.02or, 
and  log3/=log  50+20  log  (1.025)  :  observe  that  1025=25x41, 
and  see  the  logs  on  in  [107]. 

4.  M=PR''  =  £sUxi\Mf^:  .-.  log  J[f=200  log(;.06)-log960. 

•^  "-  R-l  .04  4 

=  3121.6. 

6.  B,  (198)  r=  1=5^^  =  2775.09. 

10.  The  gain  by  Compound  Interest  in  four  quarters  is 

the  loss  by  Simple  Interest  in  one  year  is 

49x 80*  =  P{9x81»  -  23x  204800}  =  72569P,  or  80*  =  1481P. 

Pr 

11.  By  [148]  P  is  equivalent  to  an  extra  rent  - — 5— ,  and  the 

\  —  R 

XT 

new  fine  {x)  to  a  rent   — Twsm)  >  which  must  equal  the  former. 

12.  The  present  value  of  ^'s  legacy  =  -  (1  -  R*)  =  rs  of  ^'« 

r  16 

.'.  J?  =  If ,  r  =  i   and  A'%  legacy  is  worth  t  (^  "  ||)  =  ^1440, 
and  J5's  =  M  of  £1440  =  £921*  12s. 


Ex.  32. 

1.  Find  the  converging  fractions  to  f  J*Jff.    In  (i)  the  error  (in 

excess)  <  7  ^  iqq  <  -QQ^*  ^"^^    /.  ^r^  (=  3.142  &c.)   may  be 

relied  on  for  two  places  of  decimals:  in  (ii)  the  error  (in 

defect)   <^Qg^^^g<. 000084;  and   .-.  f|f  (=  3.14150  &c.) 

may  be  relied  on  to  four  places :  in  (ili),  since  the  denomi- 
nator of  the  next  convergent  ia  2931,  the  error  (in  excess) 
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<YY3-^^j<. 00000302,   and    /.  ff|  (=  3.141592  &cO,   al- 

though  really  correct  to  Jite  places,  can  only  be  relied  on 
to  four,  since  we  have  no  reason  to  be  sure  that  the  error 
■when  taken  from  3.141592  &c.,  will  not  change  \}5m&  fifth 
decimal  figure,  9. 

fi      ^1^   «/2  -  1  4- •     - =1     S.     S.     XX     iCL    %S.     239     &e  • 

D.   ^^i;  Y^  ~  ■'^  '  2  +  2  +  &c  *'  *'  ^■'  "®'  '"'  ^^^' 

the  limit  of  the  error  being  in 

«  <  70-xr69  =  -^^^^^^  ^'^•'  ^'^  (^^)  <  56^  =  ■'''''  ^^- 

7.  Let  X,  y,  be  the  times  respectively  by  M  and  F  for  one 
revolution;  then  a;  =  88,  j/  =  225  ;.■.?/  =  %-  a;  =  "^x,  nearly, 
as  we  find  by  converting  ^g"/  to  a  continued  fraction: 
.•.  9i/  =  23x,  or  the  time  taken  by  V  for  9  revolutions  is 
(nearly)  the  same  as  that  taken  by  M  for  23  revolutions. 

8.  Let  the  div"  x  of  the  first  scale  coincide  with  y  of  the  second ; 
then  (the  number  of  divisions  in  a  given  space  being  inversely 
as  the  space  between  each)  x  :  y  ::  1.06577  :  1,  or 

«  =  \%%illy  =  \iy  neai-ly,  or  |jj/,  or  ^ly,  &c.: 
.'.  if  y  =  15,  61,  76,  &c.,  we  have  x  =  16,  65,  81,  &c. 

9.  (i,  ..^U^J^.,,^±\zl^,,_A_,  4e.  a,  in  [154] 

-''■hhhh  its;.-'- "- «•  «•  «•  «=>"^° 

(ii)  x  =     ~^      ,  to  be  treated  as  in  [162  Ex.  1.] 

D 

„  .,  1  1  r   ^(X   -  P)  ,  n 

.0.    (\)x-p  = -  = —^^ ,  whence  a:- o  =  (S:c.: 

'"'        ^     q-^r^(x-p)      qr  +  \^q{x-p) 

(ii)  Let  y  =  q+  — ;  77-;  find  y  as  in  (i),  and  then  x=pr  -. 

11.    (i)  X  =  V(3  +  «),   or  x'  -  a;  -  3  =  0; 

.    ^_V13  +  l.g,     1  1  ^    ,,    ^ 

"'-       2       "^     3+  3  +  &c.-'^'  »'  ^<"  «•• 


\ 
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(ii)  Since  x  must  be  negative  and  <  1,  put  -  -  for  a:; 
then  2"  =  3 ;  .-.  by  [162  Ex.  2]  y  =  |,  and  a;  =  -  f . 

12.  a:  =  V(«  +  - ),  or  ar"  -  aa;  -  6  =  0. 
a; 


Ex.  33. 

7.  The  solution  a;  =  398,  y  =  60,  is  obtained  by  the  method 
in  [166  Cor.  2]. 


Ex.  39. 

4.  Let  27/1  =  p  (2w  +  1 ) :  then  the  factor  p  must  be  divisible  by  2, 
that  is,  must  be  of  the  form  2p';  and  .•.  m  =  p'  (2n  +  1). 

5.  (i)  (2m  +  l)*-(2n  +  l)*  =  4(m'-n*+»i-n)  =  4(w-w)  (m  +  n  +  1), 
where,  if  m  and  n  are  6o^A  even  or  odd,  m  -  n  is  div.  by  2, 
or,  if  one  be  even  and  the  other  odd,  m  +  n  +  1  is  so  divisible. 

6.  (i)  2m  (4m*  -  4)  =  8  (m  -  1)  m  (m  + 1),  where  apply  [Ex,  39  3]  : 
(ii)  by  [Ex.  39  3],  w  (n*  -  1)  is  div.  by  6;  besides  which,  if 
n  =  2m  +  1,  then  (2m  +  1)  (4m*  +  4m)  =  4m  (m  +  1)  (2m  +  1)  is 
divisible  by  8,  since  m  or  m  +  1  must  be  even. 

7.  (i)  Every  even  square  must  be  of  the  form  (4m)*  or  (4m  +  2)^, 
the  last  of  which  =  4  {4  (m*  +  wi)  +  1). 

(ii)  (4m  +  1)*  =  8  (2m*  +  m)  +  1. 

8.  Take  the  different  forms  to  the  modulus  6,  viz.  6p,  6;?  ±  1, 
6p  ±2,  6p  +  3,  and  prove  the  statement  in  each  case. 

9.  Let  the  odd  square  =  8m  +  1,  and  the  sum  =  8n  +  1 ;  then  the 
even  square  =  8  (n  -  m),  and  must  therefore  [Ex.  39  7]  be  of 
the  form  16p,  since  it  cannot  be  of  the  form  4  {4p  +  1). 

10.   That  is,  (2m  +  1)  (2n  +  1)  =  (m  +  »  +  1)*  -  (m  -  «)*,  since  the 
middle  number  between  them  is  i{(2m  +  1)  +  (2«  +  1)}. 


Ex.  40. 

1.  Let  N=  a  +  h,  and  be  (if  possible)  prime  to  a,  but  =  mh;  then 
a  =  (m  - 1)  6,  that  is,  6  is  a  factor  of  a,  and  .•.  N=  mh  contains 
a  factor  common  to  a,  and  cannot  be  prime  to  it. 
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2.  By  Fermat's  Theorem,  d""^  -l=mp,   b'^^-l=mqi 

.:  o""-'  -  b'"-'  =  m{p-  q). 

3.  (i)  Take  the  forms  to  modulus  4 :   (ii)  apply  [197  iii]. 

4.  (i)  Any  number  prime  to  4  must  be  of  the  form  4p±li 
then  (4j9±  l)*  =  &c. :  (ii)  By  [Ex.  40  3]  every  cube  number  is 
of  the  form  4p  or  4p  ±1;  .-.  &c. 

6.  (i)  Apply  [197  iv]  :  (ii)  apply  [197  iii]. 

6.  By  Fermat's  Theorem,  the  quantities  1""S  2"-',  &c.  are  of  the 
form  np^  +  1,  np^  +  1,  &c.;  /.  their  sum  is  of  the  form 

n  {pi  +  J9g  4-  &c.)  +  «  -  1  or  np  -  1. 

7.  By  (Ex.  39  5)  the  diff.  is  div.  by  8,  and  by  [197  iii],  each 
square  being  of  the  form  3p  +  l,  their  diff.  is  also  div.  by  3. 

8.  By  [197  iii]  A^*  -  1  is  div.  by  5,  and  also  =  (N*-l)(N*+l), 
of  which  by  [Ex  39  5]  A'^-  1  is  div.  by  8,  and  (A"  being 
odd)  A^*+l  is  div.  by  2. 


Ex.  42. 

6.  Put  2a;»  +  2  =  4  +  2(a;  -  1)  (a:  +  1)  =  {2  -  -  (a;  -  1)]*. 


Ex.  43. 

4.  By  [204]  put  2  +  y  =  s';  then  3  +  2i/  =  22*  -  1  =  n,  which  has 

a  solution  z  =  1 ;  put  z  =  «  +  1 ;  then  2tJ*  +  4»  +  1  =  (—  v  +  1)*, 

n 

whence  v,  and  then  z  = — ;r-; :  if  m  =  3,  n  =  2,  then 

m*  -  2«* 
z  =  5,  y  =  23,  a;  =  /g. 


Ex.  44. 

1.  Let  «  + 1  =p* ',  .'.  x-l=p*-2=  o  =(p J,  whence p,  &c. 

„    „        x(x+ 1)  »M*    o  , 

2.  Here  — ^^-^r — -  =  a  =  —iar  suppose,  whence  x. 

3.  a;'  -  y*  =  «,  or  a*  -  o  =  D  =  (« j ,  whence  x  and  y. 

4.  X  -^^  y  =  w?,  X  -  y  =  r? ',  .:  X  =  |(m*  +  n%  y  =  J  (»i*  -  «''). 
6.  y*  +  xy  =  D  =  p^j^  suppose ; 

.*.  x={p*  -  1)  y,   and  x*  +  xy  =  {p*  -  1)  ja'y'  =  a ; 

,\p'-l=Q=[p —  ,  and^=— J  whence  -  =  -  ,    .  . -  >  &c 

\       n/  ^      2mn  y       4mV 
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6.  a?-i^  =  c?:  leta;  +  y  =  — a,  x-y  =  —  a,  whence  ar  and y. 

7.  x\y=p\   x-y  =  ^;   .'.  x  =  \{p*  ^  ^),  y  =  \{p*-^)', 
for  p  wTite  m  +  n,  for  q  write  m  -  n. 

(wi\*  X 

V ) ,  if  »  =  - ;  whence  v,  &c 
n/  y 

9.  a?-^y'  =  a*,  or  y*  =  a*-a?:  put  j/=  — (a-ar)  andy=  —  {aJrx)y 
whence  x  and  y. 

a*-oy*  =  s*,  or  tj*-a  =  a  =  (» j,  if  t>  =  -;  whence  x,y,  z. 

11.  Put  X  +  xy  =  n^x*,  y  +  xy  =  tn*y* ; 

.'.  y  =  n'x  -  1,   X  =  7)i*y  -  1  =  ni'n'x  -  m*  -1,  whence  x,  &c. 

12.  a^  +  y*  =  a'+b\   ot  a^-a*  =  b*~  y»; 

put  a;  +  a  =  -(6-y),   a:-a  =  -(i  +  y). 


10, 


Ex.  45. 

2.  Let  a;  =  chance  of  one  event,  |x  of  the  other;   .".  a;  +  f a; 

=  certainty  =  1. 
7.  (i)  Leaving  out  the  two  marked  ones,  there  will  be  8  other 
balls,  which  may  be  taken,  2  together,  in  28  ways ;  to  each  of 
these  sets  of  2  balls  we  may  join  the  2  marked  ones,  and  thus 
we  shall  have  28  ways  in  which  the  10  balls  may  be  taken, 
4  together,  so  that  2  of  them  may  be  the  marked  ones :  but 
for  10  balls,  C,  =  210;  .-.  chance  =  i^o  =  h- 
(ii)  The  3  marked  ones  may  be  taken,  2  together,  in  3  ways, 
and  the  7  others  may  be  taken,  2  together,  in  21  ways; 
therefore  the  10  may  be  taken,  4  together,  so  that  2  of  them 
may  be  marked  ones,  in  3  x  21  =  63  ways;  and,  as  before, 
C^  for  10  balls  =  210 ;  .-.  chance  =  i^^o  =  ib- 
(iv)  If  2  of  the  6  marked  ones  are  drawn,  (for  which  C,  =  15,) 
and  2  of  the  4  others,   (for  which  C,  =  6,)  we  have  the 
chance  =  2^1-0 ; 

if  3  of  the  6  marked  ones  (C,  =  20)  and  1  of  the  4  others 
(  C,  =  4),  the  chance  =  ^^^  ; 

if  4   of  the  6  marked  ones  {C^=  15),  the  chance  =  aVo; 
.'.  total  chance  =  ^j^  =  ff. 
8.  (i)  For  the  10  leaders,  Ci  =  10;  for  the  90  others,  Cj  =  90. 
for  the  whole  100,   C,  =  4950;  .-.  chance  =  ^a^fo  =  A* 
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Ex.  47. 

1.  Exp.  =  A  of  Id  +  i  of  2rf  +  &c.  =  A  of  2ld  =  3ld;  and  the  exp. 
being  the  same  for  each  die,  that  for  two  dice  will  be  Id. 

2.  Consider  first  the  throws,  omitting  the  doublets.  Now  1  of 
the  first  die  may  fall  with  2,  3,  4,  5,  or  6  of  the  second,  the 
chance  of  each  of  which  being  3^,  we  have  exp.  from  these 
throws  =  sh  {(1  +  2)  +  (1  +  3)  +  &c.}  =  g^-e  {5  x  1  +  20};  so  exp., 
when.  2  of  the  first  die  falls  with  1,  3,  4,  5  or  6  of  the  second, 
=  3^6  {5  ^  2  +  19},  &c.;  and  whole  exp.  in  pence  (excluding 
the  doublets,  as  aforesaid) 

=  3I  {5(1  +  2  +  &c.  +  6)  +  (20  +  19  +  &c.  +  15)}  =  5|: 
but  exp.  from  the  doublets  in  pence 

=  3^  {4  +  16  +  36  +  64  +  100  +  144}  =  10^; 
whence  lO^d  +  5|rf  =  15\id,  lOld  -  5|cf  =  4^%d. 


Ex.  48. 

1.  The  cases  possible  are  W^  and  TF^B^,  for  which  Pj  =  |-  =  P, ; 
Pi  =  ^t  Pa  =  h  Qi=si  ^2  =  6=  •'•  chance  that  all  are  white 
=  Qi  =  f ,  and  chance  that,  the  ball  drawn  having  been  re- 
placed, TFwill  again  be  drawn,  is  Q,  =  ^Qg  =  i^. 

2.  As  in  (1),  Q^  (for  TTJ  =  f,  Q,  (for  W^B,)  =  i;  .-.  (i)  chance 
=  f  Qj=  3^;  (ii)  the  supposed  occurrence  is  only  possible  with 
the  case  W^B^,  and  here,  there  being  6  ways  in  which  the 
four  can  be  drawn,  two  and  two,  in  3  of  which  ways  W  may 
be  drawn  with  one  of  the  J5's,we  have  the  chance=f  xQg=i'i,  J 
(iii)  chance  =  ^  x  ^  x  Q^  =  ^''o- 

3-  The  cases  possible  are  W^B^,  TF^jB,,  W^,  (not  B^,  because  one 

ball  at  least,  as  we  see  by  the  Question,  must  be  IF) : 

P,  =  P,  =  P,;p,  =  I,  p,  =  I,  ;,3  =  1  =  f ,   2  (p)  =  V ; 

••'  Qi  =  hi  Qi  =  A»  Q3  =  A.  and  chance  =  |Q,  +  iQ,  =  eV 

4.  The  cases  possible  are 

W^B„  WsB„  W,B,,  W,B,;  .-.  P,  =  P,  =  &c.; 

Pi  =  2\.  Pi  =  2*1.  Ps  =  hi  Pi  =  ir.  ^(P)  =  It; 
•O-i     O  -  ^     O  -  J^     n_ia_i_ist  An<5 

•  •    '^l  —  eO»     ^2  -  2  01     ^3~  20)     **♦  —  20  —  2   ~  -^       n.iv». 

If  the  two  white  ones  drawn  be  removed,  then  Q„  Qj,  Q3,  Q^, 
are  the  chances  that  the  remaining  five  are 

:b..  w,b„  w,b„  w\b„ 
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respectively:   estimating  in  each  of  these  cases  the  chance 
that,  if  two  balls  are  drawn  they  will  be  B  W,  we  shall  find 
the  chance  required  =  |  Q,  +  f  Q,  +  f  Q4  =  |^. 
6,  The  cases  possible  are 

W,B„  W,B„  W,B„  W,B,',  P^  =  P.  =  &c.: 

(i)  Pi  =  li.  p»  =  2^1.  Pa  =  2^1.  Pi  =  2^1.  ^(i')  =  fi ; 

Q,  =  ^%,  Q,  =  2*0,  Qs  =  2^0,  Q*  =  2^,  =  !•'  Ans.5 
and,  for  the  second  chance,  Q^,  Q^,  Q,,  Q^  correspond  no'V^ 
(when  the  two  black  ones  are  removed)  to   JV^B^   ^^a^tt 
W,B„  }r„  respectively,  and  f  Q^  +  f  Q,  +  ;  Q3  =  f^  =  2nd  Ans. 
(ii)  p,  =  ^i,  p,  =  H,  p,  =  it,  p,  =  if,  ^{p)  =  if; 

Qi  =  it,  Q.  =  H,  Qs  =  if,  Q*  =  H  =  2^2  =  3^^  Ans.; 
and,  for  the  second  chance,  Q,,  Q,,  Q^,  Q^,  correspond  now 
(the  white  and  black  being  removed)  to  W^B^,  W\B^,  W^B^ 
W,B„   respectively,    and    ^^  Q,  +  /„  Q,  +  i^o  Q3  +  1%  Q,  =  ^  = 
4th  Ans.: 

(iii)  Pi  =  if,  Ps  =  if.  Pa  =  if,  i^i  =  if,  which  being  in  the 
same  ratio  as  in  (ii),  and  the  remaining  circumstances  being 
similar,  the  same  answers  will  be  obtained. 

6.  The  cases  possible  will  be   W^,  W^B^,  for  which  Pj  =  P,: 
Px='^,P,-h  2:(iJ)=f ;  Qi=l=lst  Ans.,  Q,=i,  and  Q,\IQ,=^. 

7.  The  balls  were  originally  either  W^  or  B^,  for  each  of  which 
the  chance  is  i:  hence  when  the  ball  is  dropt  in,  which 
may  be  either  W  or  B,  there  will  be  four  possible  cases 
W^,  W^B^,  W^B^,  or  B^•,  and,  since  the  chance  of  the  fourth 
ball  being  TFor  5  is  J  or  f,  we  have  P,  =  i,  P«  =  |,  Pa=l> 

"i~6i  P\—^>  Pi- ii  Pa~*:f  Pi~^>  -^iPi-s'  -*  tP»-3"2,  ■^3Pa~a2i 
Pj,,  =  0,  2  (Pp)  =  it ;  .-.  Q,  =  f  =  ist  Ans.,  Q,  =  h>  Qa  =  A. 
Q,  =  0,  and  Qi  +  f  Q,  +  iOs  =  ii  =  2nd  Ans. 

8.  (i)  n  -  1  cases  are  equally  possible, 

W,B,^„  W^,^„  &c.,  W^,B,', 
1  2     .  n-1  ^, ,     n-1 

^^  =  n'-P'  =  «'^''-'^»-^  =  -^'  .••2:(i»)  =  ^-; 

.   o  _  _  2Jl  o  -      2.2  o,       o     -  2  (»-l) 

••'^'~«(n-l)'  ^~«(»-l)'  *'''•'  ^"-»-«(n-l)'      • 
and  chance  required  is 

»        n  n        *    »(n-l)  J.  n  J        3/» 
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(ii)  n  cases  are  equally  possible,  TF",J?^.j,  W^B^.^,  &c, 
TF^.j^j,  W^,  (not  5,„  because  one  ■white  ball  is  certainly  in 
the  bag,  being  dra^\^l;)  the  rest  of  the  reasoning  as  in  (i). 
9.  The  coin  taken  out  is  equally  likely  to  be  S  ox  s;  hence  the 
cases  possible  in  jB's  pocket  are  S^,  s^,  corresponding  to  which 
in  ^'s  are  ^,83,  S^s^ ;  .-.  J9,  =  f ,  i>2  =  i,  Q,  =  f  =  1"  Ans., 
and  J5's  exp.  =  f  of  40«  +  J  of  2s  =  £1  10s  U, 
10.  ^'s  purse  contained  at  first  aSjSj,  ^'s  contained  S^s^'.  now  the 
coins  transferred  from  ^'s  and  ^'s  may  be  S  and  S,  or 
S  and  s,  or  s  and  S,  or  s  and  s,  for  which  Pj  =•  f  ><  3  =  f , 
Pg  =  9>  Ps  =  9>  P4  =  9>  and,  corresponding  to  these  suppo- 
sitions, ^'s  will  now  contain  S^s^,  SiS„  Sg,  jS^Sy  respectively, 
and  -B's  S^s^,  S^s^,  S3,  S^s^;  therefore 

(i)  ^'s  exp.=f  of  41»H  of  22s+i  of  60s+f  of  41s=£l  14s  8J; 
5's  exp.=rem''  of  the  whole  £3  3s  =  £1  8s  4cf : 

(ii)  i>i  =  f,/J2  =  i,^3=l,i^4=3;  -P,i'i=2^.  PiP%=ii,  PzPz=i-^ 
^*Pi  =  2%,  •••  Qi  =  A,  &c.,  and  A's  exp.  =  ^^  of  41s  +  &c. : 
(iii)  2>i.  =  h  P»=i,  P3  =  0,  p^  =  l;  .'.  P^Pi  =  i„  &c. 

Ex.  49. 

1.  (i)  (a:  +  a;V&c.  +  x*)*=a:*(^)*=x*(l-2a:«)(l+2x  +  3a:*+&c.), 

omitting  a:"  in  the  num',  which  cannot  afiect  the  chances  of 
the  question;  hence  coeff.  of  x'  =  ^,  of  a;' =  6,  of  «'=8-4  =  4, 
of  a:*"  =  9  -  6  =  3,  and  the  chances  are  3^,  &c. 

(ii)  1^  (Srr^  =  ^  (1  -  3x'  +  3z"  -  &c.)  X 

(l+3a:46x*  +  10j;V15a:*  +  21a:=^+28x«+36a;'445z''f&c+105j:"+&c); 
hence  coeffi  of  ar*  =  6,  of  x'  =  15,  of  «'  =  28  -  3  =  25,  &c. 

3.  In  the  above  (ii),  the  sum  of  coeflf  *  of  a^,  x*,  &c.,  ar",  is 

1  +  3  +  64-10  + 15 +  21 +  28 +  36 -3-9  =  103; 
hence  chance  of  throwing  10  or  under  =  ^ff  =  \. 

4.  As  in  the  preceding,  chance  of  throwing  9  or  under  is  ^^^  | 
.".  chance  of  throwing  above  9  is  f^if . 

6.  The  fact  has  happened,  or  it  has  not;  Pj  =  Pj ;  let  o  =  f ,  6  =  f , 
be  the  veracities  of  A  and  JS;  o'  =  1  -  a  =  §^,  6'  =  i ;  then 
(i)  p^  =  ab  =  I,  p^  =  a'h-  =  ,i2,    Q,  =  f  j 
(ii)  p^  =  ah'  =  A,  p^  =  a'b  =  i,  Qj  =  f ; 
(iii)  jp,  =  06  +  ab'  =  ij,  P3  =  ai'  +  a'i  =  i^  j  Q^  -  ij. 
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6.  In  (i)  pj  =  prob.  of  all  speaking  truth  =  f  x  4^  x  |  =  j^,, 
/»,  =  prob.  of  all  speaking  untruth  =  yf -j- ;  .*.  Qj  =  f^ :  &c. 

7.  In  (i)  the  chance  of  its  being  true  is  ^  +  Spg^  =  ^g ; 

in  (ii)  it  is  abc  +  ab'c'  +  a'bc'  +  a'b'c  =  ^g  +  s^^  +  8*«  +  toT  =  los* 

8.  ab'  +  a'b  =  ^g. 

9.  (i)  Pi=ab=s.^,  p^  =  a'y=^g,  Qi=f,  and  exp.=A  of  £10  =  £7J. 
(ii)  p^=abf=  1*5,  p^  =  a'b  =  ^n,  Qy  =  f ,  &c : 

(iii)  pi=ab  +  c^b'  =  ^^,  p^  =  ^^,  &c. 

10.  The  reasoning  being  the  same  in  each  case,  take  that  of  (iii): 
here  prob.  of  truth  of  A's  statement  is  ac  +  c^c'=^f„  and 
of  ^'s,  is  be  +  b'c'  =  i^2  :  these  we  may  now  treat  as  the  actual 
veracities  of  A  and  JB,  so  that 

11.  (i)  p,  =  abc  =  h  P2  =  «'*'«'  =  io,  Qi  =  f ; 

(ii)  ^1  =  ab'c'  =  gi  ,  Pi  =  a'bc  =  ^^o*  Qi  =  x^o* 

12.  (i)  The  chance  is  abc  +  ab'cf  +  a'Jc'  +  a'b'c  =  ff ; 

(ii)  the  prob.  that  B  and  C  will  speak  ^rw^A  is  ic=^^,  or 
untruth,  is  ft'c*  =  ^Aj ;  .".  chance  of  A'a  getting  to  know  the 
truth  is  f ;  and  the  chance  required  is  ^a  +  -\a!  =  f. 

13.  It  was  either  white  or  red:  hence  in  (iii),  (the  reasoning 
being  alike  in  all  the  cases,)  Pj  =  f,  P^  =  f,  Pi  =  abc'  =  ^g, 

p^  =  abc  =   2  0>      "\Pl  ~  T06>      "iPi  ~   29  5    •*•    ^1  ~   6  3' 

14.  (i)  py  =p*  (where  p  =  h  q  =  h)  =  if,  i?*  =  ?*  =  sS  ;  Qi  =  if; 
(ii)  the  chance  is  ^*  +  6j/g^  +  y*  =  f  ^;  (iii)  prob.  of  truth  of 
^'s  assertion  =  p'  -f  Zpq^  =  |f  =  d°  of  ^'s,  which  may  now  be 
treated  as  their  actual  veracities,  a  and  6 ;  .•.  p^  =  ab  =  }ff , 

^,  -«W-72  9>     <*l—   36S> 

(iv)  pi  =  aV  =  Iff,  ^72  =  a'b  =  ff |,  Qj  =  |. 

15.  Here/>=|,  S'  =  i:  (i)  i>,  =17*^  = /A,  ^3  =^  =  -j|y,  Q,  =  fa. 
(ii)  prob.  of  truth  of  A's  assertion,  who  has  received  by 
tradition  from  D,  is  ^*  +  g*  =  Jl  =  d°  of  ^'s  =  d°  of  C'sj 

••/'l25^25'^26»     /'a—   2«^23^2«»     '=»1—   2S* 

16.  (i)  ^1  =  c5c'  =  i,f  Pz  =  o'i'c  =  i\,  Qj  =  i ; 
(ii)  j9,  =  aSV  =  ^\,  Pi  =  a'bc  =  i^,  Q^  =  *3 ; 

(iu)  py  =  abc  +  ab'c'  +  a!bd  +  a!b'c  =  A  +  i^«  +  b^o  +  h>  =  %l ', 
(iv)  prob.  of  truth  of  Ah  assertion  =  ac  -^^  aid  =  ^2,  d°  of  JB's 
=  5c  +  &'c'  =  IJ,  which  numbers  we  may  now  take  as  the  mea- 
sures of  their  veracities ;  .:p^  =  ^^  x  i^,  P2  =  h  x  kh  Qi  =  x\\' 
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3.  (o-6)»=(a-6){(a-c)-(6-c)}=(a-6)(a-c)  +  (6-c)(6-c).  &c. 

6.  a  +  /3  =  -^,  a^  =  q:  /.  a*  +  a/3  +  /J'  =  (a  +  /3)*  -  a/3  =p^  -  q; 
a»  +  /3»  =  (a  +  /3)»  -  3a/3  (a  +  /3)  =  -  ^  +  3i??;  a*  +  a'^  +  ^* 
=  (a«  +  a/3  +  /3*)  (a*  -  a/3  +  ^*)  =  {(a  +  /3)*  -  ajB]  {{a  +  /S)'  -  3a^} 
=  ip'-q){p'-3q). 

1.  Let  X  +  2x  +  3a;  +  &c.  =  a;(l  +  2  +  3  +  &c.)  =  x .  "  ^"^^    '  =  a. 

8.  (m+«)  (mfn-l)  =  56,  or  (?nfn)*-(m+n)-56=0,  whence  7n+w=8; 

(m-n)  (??i-n-l)  =  12,  or  (?n-«)*-(m-w)-12=0,  whence  ?n-n=4. 

72"  72" 

10.  «  +  y  4-  z  =  P,  xH^  =  y22*  =  z^;   .*.  y  =  a;  ^ ,  z  =  x  —  , 

ff"      72" 

12.  Observe  that  m*- 1  =  J  (a:*+2f a:"*)- 1 =i  (x»-2+ar-*)=i  (x-a:"*)*,  &c.; 
.-.  mn+V{(m^-l)  (n*-l)}=i(x+a:-»)  (y^y-')+i(^-^"')  (y-y"')=&c. 

13.  Put  n  =  0,  which  gives  the _^rs<  term  =  l^',  put  n  =  1,  which 
gives  the  sum  of  Jirst  and  second  terms  =  4f ;  .*.  common 
difference  =  2,  &c. 

14.  (1)  X  +  3y  =  6,    (2)  (x  +  ^  ^)  +  (3y  +  ly)  =  7- 

Oj      \a.J 

16.  The  L.  CM.  of  2,  3,  4,  5,  6,  being  60,  we  must  have  -i\'=60x 
=  also  7y  +  5 ;  .-.  60x  -  7y  =  5,  an  ind.  equation,  whence  we 
get  a;  =  3,  N=  180. 

17.  Take  x  gals  from  A,  y  gals  from  B:  then  \x  is  wine,  far  is 
water ;  so  f  y  is  wine,  |y  is  water ; 

.-.  (1)  ia;  +  fy  =  5,     (2)  f a;  +  |y  =  9. 

18.  The  quantity  does  not  satisfy  the  criterion  of  [33] ;  but 

V(l  -  c*) 

.ViLLg)',va-^)'.&c.  : 


-  -        "1  "l  "o  "-i         o  "..-1  M,  a,  Hi  - 

15.   -!■  =  -i  X  -?  X  —  X  &c.  X  -"^^  =  —  X  -  X  —  X  &c.  X 
a_      a,     fl,     a.  a„      o,     a,     o. 
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19.   +  a  -J-. r  =  b,  or  z*  +  az  -  6  =  0,  if  z  = 


r  u  —r. 7  —  I/,    ui    i    -r  UA  -  w  —  V,    ii    *  —     ,,  .  i 

a^  X  V(«  +  ^)  V(<^  +  ^) 

.-.  z  =  i  (-  a  +  V(«*  +  46')}  =p  suppose,  or  -— r-  =  p,  whence 

••  'J    JT      i:ir  -^(a-^x) 

3^  -  px  -  ap  ■=  0. 

20.  A  the  spectator's  place;  AB,  the  hor.  distance  to  foot  of 
tower,  =X',  BC=a,  CD  =  c;  then 

tan  J?^ 2)  =  tan  0  =  ^-^ ,    tan  5^C=  tan0  = - 
X  a; 

and  .'.  tan  CAB  =  tan  (0  -  0)  =  -, , .  =  m,  suppose: 

^       ^'     a:*  +  a  (a  +  c)  ^'^ 

.*.  »nar  -  car  +  ma  (a  +  c)  =  0,  and  x — ~ ^ — , 

2m 

where  [77]  the  greatest  admissible  value  of  m  is  when 

(^ 

c*=  Am'a (a  +  c),  or  2m  =  -jr—. -r , 

V{a(a  +  c)}' 

in  which  case  x  =  — —  =  V{«  («  +  c)}. 

21.  It  =  {l  +  ^^^__^}x{l-^^-^— ^} 

_  (a  +  &)*-(c-rf)'     (^  rf)' -(«-&)«  ^ 
2(aJ  +  crf)  2(c6  +  crf) 

23.  Prove  that  — j — =  — ; — ;  then =  ^^ jr. 

a*  c*  c  +  rf     c*  (fl  -  i) 

24.  jS„=  «'  =  sum  of  n  terms  =  sum  of  ^rsi  half  of  2n  terms, 

S„  =  (2n)»  =  4n»;  .-.  -S,„  -  iS„  =  3»»  =  sum  of  second  half  of  2n 
terms,  which  is  to  the  former  sum  as  3  :  1. 

25.  Let  X  =  distance,  y  =  rate ;  therefore 

(l)-^  =  !(£),     (2)^=^-^21.      ■ 

y  +  i    svy/         y-i    y 

26.  The  five  different  letters,  n,  o,  t,  a,  i,  taken  3  together,  give, 
as  usual,  10  Comb°» :  besides  these,  there  are  the  Comb°'  of 
the  form  nno,  in  which  two  like  letters  occur,  and  of  these 
4  can  be  formed  with  each  of  the  three  pairs  of  double  letters, 
since  each  pair  may  be  taken  with  one  of  the  four  single 
letters :  these  will  be,  therefore,  in  all  10  +  3  x  4  =  22  Comb°». 

27.  Let  a:  =  n"  of  £'s,  y  of  shillings,  z  of  sixpences :  then  (in  six- 
pences) 40a:  +  2y  +  z  =  333,  and  2y  =  40a;  -  42  =  z  +  63. 
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28.   Since  the  rate  is  mentioned,  use  the  formula  in  [199]  for  the 
true  time. 

(2)«  ^  {x  +  yy  1024     l  +  4»  +  6w»  +  4r'  +  »*' 

if  v  =  ^;  .'.  1005  (w*  +  1)  -  3148  {»  +  r*)  +  3982t;*  =  0,  a  re- 

X 

curring  equation,  whence  (as  usual)  we  get  by  [61] 
»  +  «''  =  ff ,  and  »  =  f :  put  y  =  f a;  in  (2). 

30.  Let  P  =  population  at  beginning  aijirst  year ; 

.*.  P(l  + j=d^atbeginningof  second! year  =P, suppose; 

\       m     nj 

jyfl  +  1  _  1\  =  p  fl  +  1  -  ly  =  d^or  <Airrf  year  =  P",  &e., 

/        1      1\' 
and,  generally,  P  ( 1  + J  =  d°  at  end  of  x^  year  =  2P, 

by  Question. 

31.  In  (i)  x*  =  a  ±  -/(a*  -  &')  =  i  [2a  ±  2  V{(o  +  6)  (a  -  6)}]  ; 

.-.  a;  =  ;^{V(a  +  6)±V(o-&)}5 

In  (ii)  a*  =  io*  {(n*  +  1)  ±  V(»*  +  n'  +  1)} 

=  io»  [2  (n»  +  1)  +  2  V{(n*  +  n  +  1)  (n*  -  n  +  1)}] ; 
.'.  x  =  ±  ia  y{n*  +  n  +  1)  +  V(w*  -  «  +  1)}- 

32.  (i)  Put  pa?  +  yx*  +  r«  +  «  =  (p'x  +  «^)*;   expand,  and  equate 
coefficients. 

(ii)  Put  a;*  +  &c.  =  (z*  +  \px±^y,  this  being  (plainly,  from  the 
second  and  last  terms,)  the  form  of  the  root  to  be  assumed. 

S3.  Let  X  =  length  of  line,  r  =  rate  per  hour  at  first ; 
then  x-r  =  distance  remaining  at  end  of  first  hour; 

*    .-.(1)   1+1  +  ^  =  ^+3, 

J  /ox    /i      50\      ,      X  -  (r  +  50)      X     , , 
and  (2)     1  +  —  1  +  1  + ^^-^ '  =  -  +  If . 


(2)(l.^->l.'-^< 


|r  r 

34.  <S  =  a;(l  +  2  +  3  +  &c.  to  «  terms) 

\-  {1.2  +  2.3  +  3.4  +  &c.  to  (n  -  1)  terms} 

«+l  1  n(n*-l)  .  r-AOA      T2  OT 

^x.n  — -r ,  —^ — -  as  m  [184  Ex.  31: 

2        « - 1  3  •■  ■* 

putting  this  value  of  /S  =  0,  we  get  a;  =  }. 
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85.  JV=  ?«  + 1  =  8y  +  2  =  92  +  3,  and  x  +  y  +  z  =  570 :  find  x,  y,  z, 
and  then  2f.  Or  thus:  ^N=x  +  },  \N'=y  +  h  iiV=z  +i; 
♦.  N{^  +  8  +  i)  =  570  +  1^  +  J  +  i,  whence  N  at  once. 

^.»-M«-^)-,^-(«Y)"-\ -"(--)%  &c.,  by  [119] 
»-2  n-1  n  '^LJ 

(n  -  2)  (»  -  3) 

■where  coeff.  of  a;  = ^^ — -  +  -  &c. 

n  n  -  1  11-2 

38.  From  log  f  =  log  ^g^  =  1  -  3  log  2,  we  get  log  2 ; 
from    log  ^  =  -  2  log  3,  we  get  log  3 ; 

and  by  means  of  these  we  can  easily  find  the  first  five  of  the 
required  logs^  the  last  =  log  3-log  40+f  log  .0027-f  log  .015 
=  .4771213  +  2.3979400  +  2.4588183  +  3.0398479. 

59.  x\y  =  2  y{ax)  +  'J  (by)},  whence  (Va;  -  -J  of  -^{yjy-  V^)*  =  o  +  & : 
but  A/{ax)  +  v(^y)  =  o  +  6,  or  V*  (Vy  -  V*)  =  V«  (-/«  -  V^)  i 
substitute  in  the  former  the  value  from  the  last  for  -Jy  -  A^'b. 

40.  See  [219  Ex.  1]. 

41.  (i)  NiN*-  1)  =  (iV-  1)N{N+  1)  (N*+  1),  where  one  of  the 
first  three  factors,  being  consecutive  numbers,  is  div.  by  3; 
also  N,  being  odd,  must  be  of  the  form  2m  + 1 ;  .*.  the  product 
takes  the  form  2m(2;n  +  1)  (2m  +  2)  (4ot  +  47n  +  2),  where 
either  2m  or  2m  +  2  =  2  (m  +  1)  is  div.  by  4,  and  therefore  the 
whole  by  3  X  8  X  2  =  48. 

(ii)  iV^(iV^  +  20)  =  2m(4m»  +  20)  =  8m(m*  +  5),  where  m 
must  be  of  the  form  6n,  or  6n±l,  or  6n±2,  or  6n  +  3,  by 
putting  each  of  which  for  m  we  prove  the  statement. 

If  4a:  "1  i       1  1 

42.  :r-  <(  1  + 7  >   =  -r-  = 7  +  (terms  with  x,  a^,  &c.  in  num'.) 

2x{x-lj2xx-l  ' 

=  -  1,  when  a:  =  0.  43.   9a:  +  15  (n  -  a:)  =  12p. 

_S  1     Jl_  1      X-2S 

44.  The  quantity  is  «"'='  +  Va^  +  26«^o«^. 

45.  (5a:  +  4)  +  (6y  +  4)  =  75,  or  5a:  +  6y  =  67,  an  Ind.  Equation. 

AT    T.+''  '^    +V,  I.  J,         J  «*  +  *'     &*(a:*+l)      h* 

47.   Put  -  =a;=  -  •  then  a  =  bx,  c  =  dx,  and  ^ — =  =  — i— — ^  =  —  . 
b  d'  '  '  c'  +  d*     <f(a:»+l)     d*  ' 

=:({\^=^  _(-^^_i^^jjy^ibx_ihy_(a^-by 

^ '  d'x    cd'  °^  ~ ^"^  d' (X  +  ly    {dx  +  dy   (c  +  dy '  °^ 

a*  {mx^  -nx  -i^p) 
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48.  We  may  here  use  the  formula  for  Comp.  Int.,  3/=PJ?"; 
.-.  3P  =  PR"^,  or  log  ii  =  T^  log  3  =  .0047712,  where  the 
matitissa  lies  between  the  two  given  ones  for  101.1  and 
101.11,  or  for  10110  and  10111,  and  B  is  found,  as  in  [114j, 
to  be  1.011046  =  1  +  r;  .*.  r  =  .011046  =  annual  increase  for 
one,  and  annual  increase  for  a  million  =  11046. 

49.  (i)     -  1  = -,  =  -t;  •••  «  =  0,  and  ± =  'J—  , 

^     \a-  xj  (a  -  xf     ab  a-  x        ab 

(ii)  oV  =  6V  =  cV ;  .:  y  =  j-x,  z  =  -  x,  which  put  in  -^  =  1. 

51.  Put  the  equation  in  the  form  P'  -  Q«  =  (P  +  Q)  (P  -  Q)  =  0 ; 
then  P4  Q  =  (a*+bc)  (6»+  ac)  (c'+ab)  +  (a*-5c)  (i'-ac)  (c»-a6) 
=  (c*+  a&)  {a«6*+  c  (a\  P)  +  aic*}  +  (c»-  a6)  {a*6*- c (nVft*)  +  abc'} 
=  2c*(a'6»  4-  a&c')  +  2abc  (o'  +  i")  =  2abc  (a"  +  6»  +  c»  +  a&c) :  so 
P  -  Q = 2c'  (a" + 6') + 2a6  (a*6* + abc^)  =  2a%V  (a"* + b'"' + C + a-'fi-'c"*). 

52.  Observe  that  the  numbers  must  be  of  the  form  3w  +  1  and 
3w  +  2;  in  (ii),  (N^^ N'^)  -  7  =  27 w  («  +  1),  where  either  n 
or  n  +  1  must  be  even. 

53.  in(ii)^^(--;H--^^'--^;)=&c. 

V      {x  -  1)  (xy  -  X  -{■  1) 

,.    u    rn-r^     T4T,      o    f.  3.4.5 ...  12.13.14      13.14     _, 

55.  By  [90  Cor.],  the  n°  of  terms  =  ^^.s;..  jo.n.ia  =  -T2-  =  ^^^ 

|12  Q  10  11  19 

by  [98],  coe£  ota^bJic'f  =  J==^  =    •^"'^^•^'^  =  2970. 

lo  1 2  1 2  4 

56.  Put  (1  +  «)«  =  1  +  ax  +  6a;'  +  car*  +  rfa:*  +  &c.;  square  both  sides, 
and  equate  coefficients. 

57.  Put  n  =  1,  which  gives  the^rs^  term  =^43-;  again  put  »  =  2, 
which  gives  the  sum  of  Jirst  and  second  terms  =2p  +  43-, 
whence  d  =  2q,  &c. 

58.  Fi  =  present  value  of  £a  =  by  (198)  alT",  V^  =  blT";  there- 
fore, if  JB  return  A  a  bill  of  £x,  its  present  value,  or  arJf  , 
=  cP-"  -  6P-". 


59 


2(x'  + 1) 
•  **•  rt~W  =»("-!),  whence  (n*-«- 2)  «*- 2  (n*-n+l)ic» 

+  n*-n  =  0;  .-.  ; 
60.   See  [216  Ex.  3]. 


x««     «     n     .     «     (n*-n  +  l)±(2n-l)        n  n-1 

+  n  -  »  =  0;  .-.  a:*  =  > —1 — ^- -'  = or ^  . 

rr  -n  -2  n  -  2       n  +  1 
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61.  The  G.  C.  M.  of  two  quantities  will  (63)  also  divide  their  sum 
and  difference:  now 

P+Q=2(aV+5y)-(a;4z)(2o»a;-26V)+2(a»+6*)a:z  =  26*(y+«)(y+2), 

P-Q=4abxi/-(x  +  z)  {2aby -  2ahx) -  4abxz  =2a6(a;4y)(a:-s); 

these  have  the  common  factor  25  (x  +  y);  .'.  2P  and  2Q  have 

the  same,  and  therefore  P  and  Q  (which  have  evidently  not 

a  common  factor  2)  will  have  the  G.  C.  M.  b  {x  +  y). 

1      ,-,      a-  X     (a-  xf     .    -      1      a-x     „ 
^,     1  -  {1  ^-  ——  +  \      /  +  &c.}     -+    --^  +  &c. 
-        ...  ^       ~ a  1.2a* _  a      1.2a' 

*   ^  '  ~     (x  -  a)  {x'  i-  ax*  +  a*x  +  a')     ~  a?-tax^-a*x-^c? 

=  J_,  if  ar  =  a.  63.   See  [77]. 

4a 

64.  30a: +  10J/+ 2003  =  2000,  or  3a:  +  y  +  20z  =  200,  and  a:+y+z=  100: 
eliminate  y ;  then  2a:  +  19z  =  100,  whence  z  =  2^,  a:  =  50  - 19<, 
and  a;  +  z  =  50  -  17i,  where  (by  Question)  we  must  take  t=2, 
since  a;  +  a  <  20. 

65. =  •>J{ah)  =  1^  (m  +  n) ;  .'.  m  +  n  =  2  -J{ah),  and  ma  +  n6 

m4n 

=  2o5,  between  which  equations  eliminating  n,  we  have 
2h  {a  -  V(a6)i        2&  -^a 

m  =  ^i =  — j:.  • 

a  -0  -^a  +  '^b 

66.  Reasoning  as  in  [98  Cor.],  we  have  here  a  +  /3+7  +  *  =  7,  and 

in   (i)   t/3  +  7  +  i«  =  I,   or  2^  +  47  +  ^  =  6, 
in  (ii)   iy3  +  7  +  i^  =  2,  or  2^  +  47  +  «  =  8. 

67.  Let  a:  =  whole  distance  from  A  to  P,  y  =  rate  per  hour; 
then  the ^rsi  meeting  is  at  q  +  n  hours  after  midnight,  when 
the  mail  from  £  has  gone  ny  miles,  and  that  from  A,  x  -  ny 

miles,  for  which  it  will  have  taken  —  n  hours,  and  it  is, 

X  y 

consequently,  now  —  n  -  (12  - p)  hours  after  midnight: 

.-.(1)   ?-„-(12-^)  =  j  +  „. 

The  second  meeting  is  when  a  second  mail  from  A,  (which,  of 
course,  left  A  24  hours  after  the  former,)  has  gone  a  miles, 

(that  is,  it  will  be  at^  +  -  hours  after  midday t)  and  also  when 
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the  mail  from  B  has  gone  x-a  miles,  (that  is,  at (12- y) 

hours  after  midday;)   .:   (2)   p  +  -= (12  -  g)  : 

from  (1)  -  =  g  +  2n  +  12  -^,    from  (2)  =^  +  12  -  q; 


_j  +  2n  +  12-^         ,   x^_g  +  2n  +  12-p 


x-2a         p  +  12-q     '  2a       2q  +  2n-2p 

68.   a^  =  ay{l-^  +  ^^-  &c.}  =  ay  ^  (1  +  ^-)  =    ''^^ 


a     a'  -^      V        o      a  +  y 

.-. -^-  =  -;,and?^=    ,^,=  ?^{l  +  ^+-;  +  &c.}  =  &c. 
a  +  y      a*  a     a'  -  x'     a^  ^       a*     a*  ' 

69.    Squaring,  we  get  2  (a:*  +  a')  -  2  V{(a^  +  «')*  -  46V)  =  4  (x'  -  6*), 

or  c*  +  26*  -  a*  =  V{a;*  +  4  (a*  -  6*)  a:*  +  a*] :  square  again. 

Ti     rrv  V  2(a:*+l)  2  (a;  +  1) 

71.  The  sum  becomes  --j , ,  .  ,  —  =  -^ ^  • 

(a:*  -  a;  +  1)  (z*  +  a;  +  1)     ar  +  ar  +  1 

72.  Multiply  each  fraction,  numerator  and  denominator,  by  -^2; 

and  then  observe  that,  in  the  denominators,  V(4±2  V3)=V3+1. 

„„„.  .,  a      c  ,        a      a      c       , 

1 3.   Since  c*  =  ab,  put  -  =  v  =  ir :  then  -=-  x  -  =  ar  = 

CO  0       c        0 

.    h^a?^hc3?^<?3^     (^+ae+a*         _   ..    (bx  4-  cxf  _  (c  4  a)' 

^^^  ~6»i:6cT?~  "  6*+6c  +  c« '  "  ~  ^"^    (6  +  c)»  ~  (6+7)« ' 

^.     (a;  +  a)  (x  -  c)  (x  -  2a)  ,  ...       „     ,.        .„ 

IO. — V^ —^, jr4  becomes  a  vamsmna:  fraction,  it  x  =  a 

(x+2a)  (a:-a)  (a;-2a)  ° 

or  ii  X  =  2a;  substitute  these  values  in  ^r- . 

a;  +  2a 

76.  aS'= ,  S-- fl'  +  aV+  aV+  &c= -^;  .-.  —  = -,  = ; 

1-r  l-r"         s^      {1-rf     1-r 

iS*  -  s*  1  -  r" 

hence  r=-r:;5 — -,,  and  the  sum  required  =0:; =iS(l-r")=&c. 

o  Ti  1  - r 

77.  In  an  wn?"^  of  time,  A  and  .4'  will  do  respectively  -  and  — 
of  work,  or  if  they  do  together  the  work  c  in  time  x,  then 
-  =  work  done  by  them  together  in  an  imit  of  time : 

X 

a      a      c         ,  eft  ^.  ,      . 

:.   -r  +-:;=-  I    whence  a:  =  —, — ,^ .     If  c  =  o  +  a ,    then 
t      f      X  atf  -k^  at 

^_ia  +  a')tf     _        it  +  tf)tif  ^iJiS-  ru\  (V<  +  VO«' 

an^dt  *    ^'   m-vi/t         2  '  ~^^  n^t-vt-^a 

or  ^/{ti/),  which  results  are  obtained  by  putting  for  a  and  a 
their  proportional  values  by  [27]. 
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78.  The  n°  of  Combinations  required  is  plainly  the  same  as  the  n'' 
of  terms  in  the  product 

(l-ta+a*+&c.+a'')(l  +  6+6''+&c.+6p)(l+c+c*+&c.+c^)..., 
•with  the   exception   of  one  term,    viz.   the   term   1,   which 
contains  no  power  of  a,  6,  c,  &c:  hence  the  number  of  Comb=" 
required  is  CP  +  1)  (y  +  1)  (r  +  1) ...  -  1. 

a'  i' 

79.  From  (2)  y  =   ,     ,    :   substitute  for  y  in  ax  +  —  =  a* : 

^  ^  ^     a"  -bx  ^  y 

then  X-   «'(«*  + «^  +  ^')   _  «'(^'-^^) 
a^^a'b^  ah*  +  fe» "     a*  -  6*     * 

80.  See  [217  Ex.  2]. 

81.  Expand  the  quantities,  and  apply  [Ex.  15  8,  9]. 

X     h'c  —  c'h 

82.  c'(aa;  +  &i''>  =  c(o'ar  + 6'y),  whence  -  =  — ; t-:  but  we  have 

c'(x'  +  t^)  =  (ax  +  hyf;  .:  by  [27],  writing  for  x  and  y  their 
proportional  quantities  in  this  homogeneous  equation,  we  get 
(^{(b'c-c'bf+{a&-a'cy}  =  {a{b'c-c'b)^b{ac'-a'c)f  =  c\ab'-a'b)*. 

„^    ,..,  ^      2ac         .,      4a'c'  ^a'c>  4oV  a«  +  c» 

85.  (u)  b  = ; .-.  6*  =  , r,  =  -j — ,— „—  <  - —  <ac<  — ^r— . 

^  a  +  c  {a  +  cf     a*  +  c*  +  2ac      4ac  2 

86.  AS  =  JiC=  X  =  side  of  given  square:  bisect  AB,  AC,  in 
J),  JH;   DE  =  side  of  second  square  =  x  -  1:  then 

DE*=A]y^AE*  =  \AB',  or  DE=  ~  ,  whence  x-l  =  ~  , 

v2  'J2 

DT' 
or  a:  =  2  +  v'2;   so   side   of  third  square  = — —,  &c:   hence 

sum  of  perimeters  =  4  {AB  +  DE  +  &c)  =  ^AB  (1  +  —  +  &c) 

'\J2 

=  4AB(2  +  V2)  by  (146)  =  4  (2  +  V2)»  =  46.6  ft  nearly ; 
sum  of  areas  =  .(4£»  +  D^'  +  &c.  =  ^^(1  +^  +  &c.)  =  2  (2  +  V2)* 
=  23.3  sq.  ft. 

87.  When  x  =  0,  y  =  h:  assume  y  =  6  f  Ax  +  Bx^  +  Cx*  +  &c. : 
put  this  value  for  y  in  the  given  expression,  and  equate  to 
zero  coefficients  of  different  powers  of  x, 

88*.  Let  the  tolls  be  supposed  actually  coincident,  and  be  the 
a:*  of  the  first  and  «*  of  the  second  bell;  then  —  =  JL    nr 

x~  2^5~         Wl-  ^  IT  2 '  ^"®^^    ^^®  ^^^*  convergent 

b2 
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being  f  i,  it  follows  that  the  88th  of  the  first  and  91st  of 
the  second  will  be  most  nearly  coincident.  Let  x  =  distance 
required  from  the  first  bell,  expressed  in  miles;  then  since 

sound  travels  4860 /ee<  in  a  second,  and  .'.       „      x  60  x  60 

81.450       .,      .  ,  ,87         11a: 

=  -^j —  »»tfes  in  an  hour,  we  have  -—  +  ^r-j^  =  time 

taken  for  87  strokes  of  the  first  bell  +  time  tor  88'^  stroke  to 
reach  the  hearer  =  a  similar  expression  for  the  second  bell 

"  243  "*"    81.450    '  ^^^^''^  «  =  ifii  of  a  mile. 

89.  __V(a  +  «)  =  -^.  or  (_-)  =-.  and  _  =  (-)  .  &c. 

90.  (i)  Two  cases  are  possible  Ss  or  «s:  Pi=i*o=f>  Py=l,  ■Pii>i=5> 

■^2  =  6>  Pi  =  1'  ^iPt  =  6  »  •'•  Qi  =  4'  Q«  =  4»  a°<l  ^s  expectation 
=  i  X  J  of  21s  +  i  X  f  of  2s  =  328. 

In  (ii)  Pi,  Pg,  &c.  remain  the  same ;  but  since  B  actually 
receives  his  coin,  a  shilling,  Cs  expectation  =  f  of  20s  +  f  of 

15s  =  5;S. 

In  (iii)  Pj  =  f ,  Pg  =  f ,  as  before ;  but  p^  is  now  the  com- 
pound chance  (1)  of  a  shilling  being  seen  and  (2)  of  B 
receiving  oue,  and,  therefore,  =ix^  =  J,  ^g  =  1x1  =  1; 
/.  Pjj,  =  1*0 »  PiPi  =  1^0 »  Qi  =  7^>  Q%  =  f>  and  C's  expectation 
=  I  of  20s  +  f  of  Is  =  3f«. 

93.  {l-x{a-  6a;)}-*  =  1  +  ^a;  (a  -  6x)  +  |«»  (a  -  6a;)*  +  ^^a?  (a  -  6a:)' 
+  A\^*  («  ~  ^•^)*  +  ^^' '  expand  each  binomial  as  far  as 
necessary.  9i.   See  [98  Ex.  2]. 

95.   Sum  of  squares   of  2n  +  1   terms  =  o* .  -^^ — j — ^— ;    sum  of 

2n  + 1  terms  =  a  . — ;  sum  of  n  + 1  odd  terms,  a  +  ar*  +  &c., 

fr')"*'-l  **"  (r*)"-l 

=  c— 5 — -—  ,  sum  of  n  even  terms,  ar + a?-*  t&c.= or .  — j — ;-  , 
r  -  1  r  -  1 

and  difference  of  these  last  two  sums 

=  p^-(^'^-'^'+»--l}  =  ^.(r^-'+l)(r-l)  =  a..^^, 

whence  the  result  plainly  follows. 
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96.  -J{xy)  :  — ^  =  m:n,  whence,  (if  2  =  - ,)  nz-2m  \'z  +  n  =  0 

a:+y  y 

.  _m+'J(m*-n*)        .x     {mJf\J(m*-n*)}*  _m-\-^{m*-r?) 

.*.  yz • — ,  and  —  = r — i — .  . 

n  y  n*  m-^/{mr-n*) 

97.  p^r""^  will  occur  in  -  1  times,  since  the  other  n  -  1  digits  may 
be  so  often  permuted;  similarly  for  j^o^"  *>  ^^-  ^^^  foT  p^r"'*, 
Pit^'*,  &c.  i»,r^"*,  i'jT"'*,  &c.:  .-.  whole  sum 

=  |n-l p^ (r»->  +  r"«  +  &c.)  +  \n  -  1  p^ (r"-*  +  r^  +  &c.)  +  &c. 

r"-  1 
=  |n-l  0^0  +i'i  +  &c.)  ^^-j- : 

its  greatest  value  will  be  when  p^,  p^,  &c.  include  all  the 
digits  admissible  in  the  scale  of  r,  in  which  case  n  =  r,  and 
Po  +i'i  +P*  +  &c.  =  0  +  1  +  2  4-  &c.  =  ir  (r  -  1). 

98.  H,  r,  the  radii,  W,  u),  the  weights  of  corresponding  spheres, 
if   s6Ud;    .'.  W 
W-w     i?-r» 


W    J^ 
if   s6lid ;    :.  W  -  w  =  weight  of   shell,    and  —  =  — r-  >    or 

V}  IT 


.;     ••.rl-©'and^=l; 


W  i? 

,      »^      fr     3  i?-r^     37  ,        Ji!' -  r»     56 

'^''r=R  =  V   •••-^-  =  6i'""'^---]B«^=37- 

99.  x  +  ^x-^{a^-x)  =a^/xi  .'.'\/x  =  0,  and  V*+l  -  V(«- 1)  =«; 

x-(a;-l)  1 


hence  a-\  =  -Jx-  -J{x  -  1)  ■■ 


Va;  +  V(«-1)     V«  +  V(«-l)' 


or  r  =  -^x  +  ^l{x  -  1) ;  .'.  a  -  1  + =  2  -/a^. 

a  —  1  o  -  1 

100.  Two  cases  are  possible;  it  fell  (1)  heads,  (2)  tails,  and 
P,  =  f-  =  P,:  if  (1)  be  the  true  event,  A  and  B  must  have 
spoken  truly,  C  falsely,  and  J^i  =  f  •  f .  i ;  so  ^,  =  J .  :J^ .  f ;  &c. 

101.  (i)  The  two  equations  must  have  a  common  factor,  x-m, 

suppose :  we  may  assume  then  oaf  +  6«  +  c  =  («  -  »»)  (car ), 

m 

c  .    .  (f 

whence  am  +  —  =6,  and  similarly,  a^m  +  —  =  6' :  from  which 

m  m 

equations  we  get  {ad -de)  m  =  hc' -  b'c,  and =  ab' -  a'h ; 

multiply  these  together. 
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(ii)  One  of  them  must  be  a  multiple  of  the  other;  put 
ox*  +  6a;  4  c  =  m  (a'**  +  b'x  +  c') ;   .*.  a  =  ma',  h  =  mb',  c  =  md ; 

or  -  =  ^  =  -.         102.  in (n  +  1)  +  A (»  +  1)  (n  +  2)  =  &c 
a'     0      d 

103.  Put  b  =  ar,  c  =  br  =  ar^,  &c.:  then 

1  1   _       1 

~  a'T¥  "^  (a^  +  6')  r»  ^  (^Ti')  »^  "^ 

=  -T^  (1 +i  +  &c-}  =  -»^{l  +  ^+ S  + &c.}  =  &c. 

104.  See  [27]. 

106.  Width  of  S :  width  of  «  =  m  :  n ;  /.  area  of  5  :  area  of 
8  =  m* :  n*;  again,  thickness  of  S :  thickness  of  s=p  :  q; 
.".  bulk  of  S :  bulk  of  s  =  m^p  :  n'q ;  .'.  n°  of  shillings  in 
given  bulk  :  n°  of  sovereigns  =  m^p  :  n^y,  and  value  of 
former  :  value  of  latter  =  7n^p  :  20n'5'. 

107.  -S',+-S,  +  &o.  =  i?j(n+l)+in(3n+l)+&c.  =  ^»{(l+3+&c.)w+»»} 
=  ^n  {m*n  +  m]. 

108.  Asin  [139],  10a  =  ig',  +  r„  10ri  =  5yg  +  r„  &c.,  10r„  =  6y„  +  o; 
.'.,  adding,  9  (a  +  Ti  +  r,  +  &c.  +  r„)  =  J  (ji  +  y,  +  &c.  +  jj : 
hence,  since  6  is  prime  to  3,  we  shall  have  Ji  +  9,  +  &c., 
or  the  sum  of  the  digits  of  the  period,  and  .•.  [130]  the 
period  itself,  divisible  by  9,  and  then  a-k-r^-^^r^-k-  &c.  +  r„ 
must  also  be  divisible  by  6. 

109.  (i)  -r,-^ — :^  =  V =  r— ;  square,  &c. 

'J{<r  -a^)      ^  a-x     b-  x     ^ 

x*-o*  1 

(ii)  Put  =  z;  then  z  +  -  =  b,  &c. 

ex  z 

110.  See  [Ex.49  12].  Here  Pi  =  ^,  Pg  =  f,  the  a  jjWbn"  chances 
of  my  winning  or  losing :  if  I  won,  p^  =  chance  of  a  true 
report  reaching  me  =  a6c  +  ab'c'  +  a'bc'  +  ab'c'  =  a,  Pi=  io ;  &c. 

112.  x  + 1 =  (ar- 1)  (1 )  =  -  («  -  1)  (a; ),  which 

nx  n      ^        '  ^      nx       x  n 

...  jn 

IS  positive,  if  a;  >  or  <  each  of  1  and  —  ,  but  negative,  if 

X  lies  between  them. 
115.   Find  coefficient  of  a;''  in  a:*(o  -  Jar*  +  &c.)*,  or  of  a;*  in 
(a  -  bx*  +  cx'^  -  dx^  +  ea:*  -  &c.)*, 
where,  as  in  [99],  we  shall  have 

a  +  /3  +  7  f  5  +  «  =  5,    2y3  +  4-7  +  65  +  8i  =  8, 
it  being  useless  to  go  beyond  ex^,  because  fx^  would  not 
aflfect  the  coefficient  of  3?. 
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J16.  Put  N^m^x,  n  =  m-X',  then 

N_'J{m^-x')_     m  x'        a!*  ._    2rr?  -  a? 

n         m  -  X         m  -  x^       2m*     8m*  2m  {m  -  x) 

.        ,.,      m  +  X     1       2m  N        li\r+n 

nearly,  -wmch  =  — —  +  -  . =  — +  -  . 

'  2m        4:    m-x     N+n     4        n 

The  same  reasoning,  of  course,  holds,  if  N<n,  or  the  sign 

of  a;  be  changed. 

117.  Here  -  . ^fj^— ,  or,  by  Ex.  116,  — -<  — -  ; 

4        «         N+n  ■'  '  27n{m  -  x)     IQp 

.     3^  1 

.*.  a  fortion,  rr—i  <  z^r '  now  the  first  term  omitted  of  the 
■^  2>»*     10*' 

N  X*  1       «*         1 

series  for  V—  is  5-^-7 r .  which  is  .'.<rT^.  7—,  <  ■tz-=  ; 

n       8»t'  (m  -  X)  lOP    4m*     10'* 

80  the  next  term  <  —^ ,  &c. ;  hence  the  result  will  be 

Correct  for  the  first  2p  decimal  places. 

Ex.  V30  =  \iVi|f :  now  if  N=  120,  n  =  121,  then 
Z—  ^  1     •"'*""  =  iia  ^  2ja.  -  — 1 _  000008  &p  • 

'Kj.n  \'  «  —   241   "^   484   —    116644   —•"""""''  '*^" 

Jience  the  two  quantities  must  have  at  least  their  first  futir 
digits  the  same,  and  Vifi'  will  be  given  correct  to  eighi 
places  by  the  formula. 

118.  We  have  given  n  =  o  +  (m  -  1)  rf,  m  =  a  +  (»  -  1)  rf, 
whence  <?  =  -l,  o  =  m  +  n-l:  putting  these  for  a  and  d  in 

iS  =  {2a  +  (a:  -  1)  d\  \x  =  \(m  -^  n){m  ^  n  -  1), 
we  get  a:*  -  {2  (»»  +  n)  -  1}  a:  +  (»»  +  n)  (w  +  n  -  1)  =  0, 
whence  x  =  m  \  n  or  m  +  n-1.    Use  now  these  values  for 
a,  d,  X,  in  Z  =  a  +  (a;  -  1)  rf. 

JB*        5a:* 

119.  Sum  (1)  as  a  g.p,;  then  1 -^  (1  -  — )  =  _,  whence  (by 

_      -    ^.  .  a:*     6  +  V21         ,       x        V7  +  V3 
a  common  Quadratic)  —  =  — -^ — ,  and  .-.-  =  +  ^    ^  ^    ; 

W  ^  y  2 

Also  (2)  is  the  expansion  of  {l-(ar+y)}"*  =  Vli,  or  x\y  =  \\ 

now,  by  the  former  result,     ^     =  — ^    ~  "^  • 

ar  +  y     V7±V3±V2' 
.  x=       ^"^  ^  v"^  (V7±V3)(V7  +  V3±2)     2  +  v/7±V3 

5(V7±V3  +  V2J  5{(V7±2)*-3}      "  10(2±V7) 

3  ±  V21  +  2  V3 
= 30 ;  y  =  i  -  a;  =  &C. 
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120.  (i)  A  ha^  four  drawings,  B  three;  the  chance  of  success  in 
each  is  ^,  for  if  seven  persons  had  each  a  right  to  draw, 
it  would  not  matter  in  what  order  they  drew :  .*.  A'&  exp. 
is  I  of  7s  =  4s,  5's  3s. 

(ii)  i's  stake  ought  to  have  been  to  -4's  : :  3  :  4. 

121.  (ii)  2'.5.7a;  =  y;  hence,  to  make  the  first  side  a  cube,  x  must 
be  of  the  form  2.b\T.m\    (iii)  xy  =  2*».5*" :  see  [199]. 

122.  (i)  e-'  =  .,,    \, —  =  yi^'^f'^"?  =  V(l  +  y')  -  y ;  i^'c. 


(ii)  {Via  +  V(c  -  i«)}  +  {Vi«  -  V(c  -  i«)}  =  &c. 


-a 


1 24.   a*6'  {a*  -  (a*  -  6*)  «*} ' «  =  a»  (o»  -  2oc)  (o»  -  2acz*) '  * 

=  o'  (a  -  2c)  a-'  (1  +  —  ic*  +  &c.)  =  &c. 
a 

126.  Put  y  =  -  ,  so  that  the  -values  of  y  will  be  -  ,   - ,   -:  then 

X  a      p      <^( 

x=  -  ,  and,  putting  this  for  x,  the  equation  becomes 

where  [58]  f  =  sum  of  roots  =  a"'  +  /3"*  +  7'*. 

(ii)  (ar"  +  3a:)*  =  (2a;*  +  4)»,  whence  a;*  +  2a;*  -  7a:*  -  16  =  0 ; 
put  y  =  3?,  then  y^  +  2t/*  -  7t/  -  16  =  0,  where  the  values  of  y 
are  a*,  yS*,  7*,  &c. 

(iii)  In  \^\  2y*-  7t/- 16  =  0,  put  a  =  - ,  and  reason  as  in  (i). 

y 

127.  Let  value  of  diamonds  =  p  (weight)*,   and  that  of  rubies 

=  J  (weight)*;    then    (1)  ^a*  =  mqb"-,    (2)  jaa*  +  mj&*  =  c, 

whence  «=- rr-«»  9"= >  a^^d  the  values  re- 

(«»+l)a*  (^^i^jt' 

quired  are  ^a:*,  ja:*. 

128.  Wine  in  A  sSierJirst  operation  =  a-  c,  m  B  =  c;  .*.  wine  in 

a  0 


A  after  second  =  a-  c-  ( x  c)  +  (- x  c),  which  =a-Cf 


.„  e      a  -  c  ah 

if  T  =  ,  or  c  = r  . 

0         a  a  -^0 


129     (i)  ^'^^  =  p+2(a4  2c-5)y  _  a:*4(a4^2c-5)a:4i(a4 
a;-t6     \        a;  +  c         J    ~  a;*-2cj;-^c* 


2c- J)* 
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whence,  getting  rid  of  fractions,  the  terms  in  a?  and  3? 
cancel,  and 

X  (a*  +  2db  -%h*  -  4ac  +  45c)  =  x{lia^  36)  (a  -  6)  -  4c (o  -  b)} 
=  -  (o  -  6)*  6  -  46c  (a  -  6)  +  (o  -  6)  4c*; 
.-.  x(a  +  3b-  4c)  =  (6  -  2c)*  -  ab,  &c. 

(ii)  Assume  a:*-2^+ ^a:-i  =  0  =  (a;*-ir +i>)»- (?x  +  r)*; 

1  «      1 

then,  equating  coeff',  ^  =  2p  ■¥  I,  -  gr  =  p  +  -^t  r'  =  p*  +  -^i 

and  .-.  (2p  +  1)  (/)*  +  ^)  =  ?V  =  (;>  +  -^y,  whence 

then  a*  -  a:  +^  =  ±  (ja:  +  r),  &c. 

130.  Find  the  chances  for  A's  and  5's  events  (i,  i\)  [219  Ex.  1], 

by' help  of  the  coefficients  of  «'  and  x*  in  (a;  +  a:*  +  &c.)*, 

/I  -  a;V  1 

or  of  a:*  and  a^  in  (1  +  a;  +  &c.)*  =  (  j— j) '  °^  ^^  (T^'  ""*^® 

these  coefficients  cannot  be  affected  by  leaving  out  the  a:'; 
hence  A's  chance  of  success  on  each  trial  is  double  of  ^'s, 
and  also  ^'s  exp.  in  a  siiigle  cast  =  j'j  of  3s  -  |  of  Is  =  Id. 
But  the  question  asks  for  B'a  exp.  on  the  loncf  run,  the 
throwing  being  continued  till  one  or  the  other  wins.  Now 
if  a;  =  ^'s  chance  on  this  supposition,  or  his  chance  of  success 
compared  with  A's,  then  plainly,  from  the  foregoing  reason- 
ing, 2a;  =  A's,  and  a;  +  2a:  =  certainty  =  1 ;  .•.  x  =  |,  and  £'9 
expectation  =  |^  of  3«  -  |  of  Is  =  4rf. 

131.  See  the  solution  of  Ex.  122. 

132.  (i)  Assume  V'(2« V-l)  =  Va^  +  VyV-l;  then 

2n^/-l=x  +  2-^{xy)^-l-y',   :.  x-y  =  0,  V(*y)  =  «. 
whence  x  =  y  =  V«>  &c. 

In  (ii)  obtain  similarly  V(4  ±  3^-20)=  3  ±  V- 5,   and 
add  them. 

133.  log  If  or  log  1.4  gives  log  14  or  log  2  + log  7;  log  144 
gives  log  12  or  2  log  2  +  log  3;  log  441  gives  log  21  or 
log  3  +  log  7 ;  by  means  of  these  data  we  get  log  2,  log  3, 
and  log  7,  and  thus  (observing  also  that  log  5  =  1-  log  2) 
we  may  get  all  the  logs  required. 

b& 
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134.    (i)  s»  -  a«  =  2ary,  6»  =  z{x*  -  a«/  +  r/*)  =  z  {o*  -  J  (z*  -  a*)}, 
(ii)  o'  =  a;'  +  y'  +  Ixy  (ar»  +  y*)  +  21a:y  (ar*  +  y")  +  35r'y'  (ar  +  y) 

.-.  c'-6'=:  7az*{a*-5a^(a:*-f  j/'')-5a^i/«}  +  21az«(o'-3z')  +  35a2'' 
=  Taz*  {a*  -  5z^  (a*  -  2z«)  -  5z*  +  3z'  («» -  3z*)  +  5z*}  =  &c. 

136.  h  is  the  last  of  n  +  2  terms,  of  which  a  and  a  are  the  first  and 

second;  .•.  the  common  ratio  being  -  ,  we  have  6  =  af-j    . 

137.  Wine  in  B    after  second  operation  =  c  + x  c-  -x  e 

a  h 

Assume  the  Law    for   (n  -  l)th   operation,    so  that  wine 

in  B  after  it  = (1  -  »"'*),  and  .-.  wine  remaininar  in  A 

a  -\-  0  ° 

-a (1  - ^"■') ;  then  wine  in  B  after  w*  operation 

=  -^  {1  -;>-'  +  (1  -p)pn  =  7^  (1  -  i'")- 

o  +  0  a  +  0 

138.  Ijct  AB,  BC,  CA,  be  the  outer  lines  of  the  wedge,  contain- 
ing ii  men  each ;  then,  if  the  wedge  were  solid,  the  number 
of  men  in  it  would  be  1  +  2  +  3  +  &c.  +  n  =  ^n{n  +  1)  =  S. 
Now  let  DJE  be  drawn,  the  («  -  r)th  line  from  the  vertex  A, 
and  .'.  containing  n  -  r  men :  from  each  end  of  D£  cut  oflf 
r  men ;  then  the  remaining  line  of  n  -  3r  men  is  the  base 
of  the  inner  wedge,  which  must  be  removed  to  leave  the 
hollow  one  required :  then 

1  +  2  +  3  +  &c.  +  (»  -  3r)  =  |(»  -  3r)  (n  -  3r  +  1)  =  S'; 
and  number  required  =  S  -  S'. 

3*      2x  X 

139.  From  (1)  (^+-7-  + «/)  +  (-  +  Vy)  +  i  =  ^t^  ^^d  therefore 

X  ^     ^^  y  4v-8 

-  +  Vy  =  4  or  -  5;  hence,  by  (2),  ~ +  yy  =  4  or  -  5, 

y  y 

whence   (i)  y*  =  8,   (ii)  y*  4-  9y  =  8  5  from   (i)  y*  =  2,  &c.: 

..1  1 

m  (11)  y*  =  -  1   is  plainly  a  root;   divide  y*  +  9y-£  by 

yi  +  1,  &c. :  then  we  shall  get  y'  =  -  4  +  2  V6.  &c. 
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140.  In  Ex.  130  we  found  that  A's  chance  of  success  in  each 
trial  is  J,  ^'s  ^^f  so  that  A' a  is  double  of  jB's. 

Let  X  =  jB's  chance  upon  the  long  run,  if  JB  has  the  first 
cast;  then,  plainly,  2x  =  A's,  if  A  has  the  first  cast; 
but  in  (i)  B  is  to  have  the  second  throw;  .•.  his  actual 
chance  of  success  in  the  long  run  =  (chance  of  ^'s  failing 
the  first  time)  x  x  =  ^x;  and  A's  total  chance  +  ^'s  total 
chance  =  1,  or  2x  +  f  ar  =  1. 

In  (ii)  ^'s  total  chance  =  ||^x 2a:,  and  B'8=x;  .'.  x+^^x=l. 
Or  otherwise  thus :  In  (i)  chance  of  JB  having  a  first  throw 
=  chance  of  ^'s  failing  =  |;  .*.  chance  of  B's  success  on  his 
first  trial  =  f  ><  A  •  so  chance  of  B  having  a  second  throw 
is  contingent  upon  A  failing  once,  B  failing  once,  and 
A  failing  again,  and  .*.  =f  x^^xf;  .*.  chance  of  B's 
success  on  a  second  trial  =  f  x  y2  x  f  x  ^^^ ;  and  so  on  : 
hence  ^'s  total  chance  of  success  =  f-^  {1  +  f  f  +  (f |)^  +  &c.} 

5  15 

=  ^  X  YZn  =  jY  ;  and  ^'s  =  1  -  A  =  tf-.     Similarly  in  (ii). 

141.  c»=o*+6*-2a*6''+2ajV(l^»)  (1-6*):  .-.  {(fl46)'-c'}  {c*-(a-6)*} 
=  {2aU2aW-2ab  V(l-a^)(l-6')}  x  {2a6-2a*6«+  2ah  V(l-o*)(l-6*)} 
=  4aW  [1  +  {ab  -  V(l-o')(l-6*)}]  [1  -  {ah  -  V(l^*)"(l  -6')}] 
= 4a*6'  {a'  +  6»  -  2a«6»  +  2ab  V(l  -  a*)  (1  -  6*)}  =  4a'6V. 

142.  (i)^=l-»  +  ^)-&c.-«-f«(«  +  l)-^|^U£c. 

=  (1  +  1)^  -  n  (1  +  !)-<'""  =  &c. 

(ii)  Neglecting  its  sign,  the  r^  term,  P,, 

n{n  +  1)...  (w  +  r-  2) 

~**"T:2       ...      (r-1)     ' 

,Pr         r       n  +  r-2      ,,nr-l         i,.  r-^, 

and  --—  = =- . z —  =  1  +  7 TTg ,  which  is  ^  1, 

P^i     r-1       r-1  (r-1)'  <    ' 

as  nr  ^  1. 

144.  The  roots  of  a*  ^px  +  q  =  0,  being  equal,  must  each  be  -  |j», 
and  we  have  also  ^p*  -  q  =  0:  but  the  second  equation  is 

a  {a^  ■{■  px  +  q)  +  b  {px  +  2q)  =  0, 
which  is  satisfied  by  a:  =  -  ^p,  since  then  a^  +  px  -^  q  =  0,  and 
also  px  +  2q  =  -  \p*  +  2y  =  0.    Hence,  if  /3  be  the  other  root, 

|p  -  /3  is  the  coe£  of  a;  in  «*  +p  (1  +  -)  a;  +  y  (1  +  — )  =  0. 
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145.  Assume  for  the  parts  a  -  3d,  a  -  d,  a  +  d,  a  +  3d. 

146.  By  [43]  (a,6,+a,6,+&c.)*  =  a/6i*+2aj5,aA+&c. 

+  &C. 

and  .-.  is  Ka^'b'i (a,'V+«»'^i*)  +  &c.  < a*(b*+h*-^&c.) 

+  &C.  +  &c. 

that  is,  is  <(oi*+a/+&c.)  (6,*+6/+&c.), 
unless  «j :  6,  =  Og :  &j  =  &c.,   when  aj>g  =  a^i,  and  2a,ft,a,6, 
=  a,V  +  a^W  &c. 

147.  e-'=l  +  ti^Vt^*  +  &c.  =  l-f +:^-&c.  +  (-ir» 


1  1.2  1      1.2         •  '^     ^     in -2 

n  -  1  n 

148.  Let  X  be  the  sum  laid  out ;  then  -  =  n°  of  cents  assured  by  it, 

a  ^ 

TX 

and  —  =  Int.  on  this  sum,  which,  by  Question,  =  reduced 
a 

income  -  A  -  x. 

149.  (i)  ?^{(l+J;)-l}  =  {^/(l+a:)-l}{V(l-a:)+l},  or  »{V(l+a;)+l} 
=  v'(l-'^)  +  l '•  .'.  «  V(l+^)-V'(l-a;)=l-w,  whence,  squaring, 
&c.  2«  ^/(l  -  a:*)  =  2n  +  (»*  -  1)  a; ;  square  again,  &c. 

(ii)  a:'  -  y*  =  o  («  -  y)  -  J  («  -  y),  whence  we  get  a:  -  y  =  0,  or 
a:fy  =  a-6;  a:-y  =  0,  ory  =  a:,  gives  by  (1 )  a:  =  0  or  o  +  6 ; 
and  y  =  a-h-x  gives  by  (1)  a?-{a-b)x-h{a- h)  =  Q,  &c. 

150.  (i)  Chance  of  dipping  into  bag  .4  or  5  is  ^ ;  .".  chance  of 
drawing  white  from  .4  is  -J^  x  ^  =  ^,  and  from  B,  f  x  f  =  f ; 
then  i  +  i  =  if. 

(ii)  Chance  of  drawing  white  any  time  is  by  (i)  H^; 
.*.  chance  of  drawing  black  is  W ;  hence  chance  of  drawing 
white  tlie  first  time  and  black  the  second  =  +|f  =  chance  of 
drawing  black  the  first  and  white  the  second;  .*,  chance 
required  =  |^|. 

(iii)  Since  there  is  only  one  white  in  A,  we  cannot  go  to 
it  more  than  once  in  the  drawing  of  three  white  balls, 
so  that  the  drawings  can  only  be  out  of  ABB,  BAB, 
BBA,  or  BBB.    The  chance  for  each  of  the  first  three 
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of  these  is  the  same,  viz.  (i  x  |^)  x  (|  x  f )  x  (J  x  f)  =  4^, 
(where  observe  that  the  factor  ^  expresses  the  chance  of 
dipping  into  the  corresponding  bag;)  and  that  of  the  last 
is,  similarly,  3^  ;  and  ^^g  +  3^  =  3^ . 

151.  Let  X  be  one  part;  then  x  {(2«  +  1)  -  a:}  =  »»,  or 

ar  =  i  [2»  +  1  ±  V{(2«  +  1)»  -  4m}], 
where  the  greatest  value  m  can  have  is  when  4/w  =  4  (n*  +  n), 
and  x  =  \  {(2n  +  1)  +  1}  =  »  or  n  +  1. 

152.  (a:+l)''=(l+a;)»=l  +  Cia:+C^4&c,  (a;-l)»=a;*-C,z'-'4-C;x"-*-&c; 
.-.  {x  +  1)"  X  (a;  -  1)"  or  (a;*  -  l)"  =  &c.  by  Multiplication: 
equate  coefficients  of  x'\  and  see  [97  Ex.  6]. 

153*.  Eliminating,  we  Qetp^q=  ^S^^JL<^^)  ah(c,d)-cd{a^h) 

°'       0^2    a-^b-c-d' ^^  a  +  b-c-d      ' 

/p+2\*       _(P~2'\  _  {ah-cdf-{db{c^d)-cd{a^b)}{a\b-c-d} 

'•\  2  j~P^'^Vr} i^a^b-c-df  ' 

where  the  nimierator 

=  a*V  -  2abcd  +  <?d*  -  [o{5  {c  +  d)-cd}-  bcd'\  {a  +  6  -  (c  +  d)} 

=  (^{b^-b{c^d)^cd)-a{b\c^d)-b{c\d)*^cd(_c\d)}^<?dP^h*cd-bcd{c\d) 

=  a*{b-c){J>-d)-a{c  +  d)  (b  -  c)  (b  -  d)  +  cd(b  -  c)  (b  -  d) 

=  {a*-a{c  +  d)  +  cd}(b-c)  (b-d)  =  (a-c){a-d)  (b-c)  (b-d). 

154.  ar"*  +  ar"  >  ar"^  +  at^-^,  if  r""  (1  -  r^)  >  r»-''(l  -  1^),  that  19, 
(when  r  <  1)  if  r"*  >  r"",  or  (when  r  >  1)  if  r"*  <  r"*^,  either 
of  which  is  the  case,  since  n-p>m. 

155.  (ii)  Here  the  r^  coeff.  is  greatest  for  the  first  value  of  r 

W— 7*-l-l 

which  makes  ,  (the  factor  by  which  the  (r+l)^  coefl^ 

r 

differs  from  the  rtJ^,)  <  1 ; 

n  +  1     ,     ,  »+l     11V2  +  2     ll(1.414&c.)  +  2 

.'. 1  <  1,  or  r  >  — -—  >  — ^- >  — 5: —  . 

r  2  4  4 

156.  (a»  +  6*)  (c»  +  cT)  =  (ac  ±  bdf  +  {ad  +  5c)*,  that  is,  the  product 
of  a*  +  6*  and  c^  +  d'  can  be  expressed  in  the  form  a''  +  i'* 
in  two  ways:  again  (a*+6»)  (d'+d')  (eV/*)  =(a'*+6'*)  (e*4/*), 
which  may  be  similarly  resolved  in  two  ways,  that  is,  since 
tf*  and  b'  have  themselves  double  values,  the  product  of 
«^  +  6*,  c*  +  d*,  and  e*  +/*,  can  be  expressed  in  the  form 
a"*  +  6"'  in  2'  ways;  and  so  on. 
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157.  Let  Op  Oj,  &c.  be  the  first  terms  of  the  series  respectively: 

then  {2aj  +  (n  -  1)  1}  ^n  =  na^  +  ^»  (w  -  1)  =  w*, 

or  o,  =  n  -  f  (w  -  1)  =  1  (n  +  1); 

so  flg  =  w  -  («  -  1),   Cg  =  «  -  |(n  -  1),  &c. 

158.  Let  a''-\^ia  +  b)'  +  &c  +  {a  +  (n  -  1)  bY 

=  An  +  Bn*  +  &c  +  Qri"  +  ItnT^  +  &c ; 
then  a  +  (a  +  6/  +  &c.  +  {a  ■+  nbf 

=  ^(n  +  l)+5(»+l)»  +  &c+Q(n  +  l)''  +  i2(w  +  l)'^»  +  &c; 
and,  subtracting, 

(a  +  n6/  =  ^  +  ^  (2rt  +  1)  +  C(3n*  +  3«  +  1)  +  &c. 
+  Q  {(«  +  l)'  -  n'}  +  i2  {«  +  ir^  -  Ti'^'}, 

it  being  useless  to  go  beyond  H,  since  we  should  have 
to  equate  to  zero  the  coeff.  of  each  power  of  n  higher  than  n*^ : 
hence,  equating  coefF^  of  n'',  we  have  6*^  =  i2  (r  +  1),  and 

.*.  S  =  An  +  Sn*  +  &c  + ; 

r  +  1 

5      Jn  +  Sn*  +  &c.        b"          b"  ,  . 

.*.  -=-.  =  -fi +  7  = r  ,  when  n  is  great. 

159*.  (i)  Getting  rid  of  fractions,  we  have 

V(l  4-  c*)  (1  +  ax)  =  2a  V(l  +  a^)  ; 
squaring,   we  get  oV  (a*  -  3)  +  2ax  (1  +  o*)  +  (1  -  3a')  =  0. 

(ii)  Put  y  for  a;  -  a,  s  for  a:  -  i ;  then  (85) 

2x-(a^b)  _  jAff"  ^  (y+z)  (y'-yg+g')  ^  {2a:-(o+5)}  {y*-yz-^z*) 
-'3{a-b)~  y^-s?     iy-z)(f+yzi^       -la-b){f  +  yz  +  z')    ' 
.'.  2x  -  (o  +  ft)  =  0,   or  a;  =  ^  (a  +  b).     [We  get  no  root,  it 
will  be  found,  by  putting  3  {y*  -  yz  +  z^)  =  y^  +  yz  +  2*.] 

160.  P,  =  I  =  Pj,  and  [218  Cor.]  may  be  neglected  in  both  cases. 
Now  (i)  p,  =  i=  A,  p,  =  i=^^^,  .-.  Q^=  A  : 

(ii)i>,  =  i(2xi  +  M)=A,  P2=iiM+M)=A:  •••  Qi=  A- 

161.  By  [130],  N  and  N',  since  the  sum  of  their  digits  is  the 
same,  will,  when  divided  by  9,  leave  the  same  remainder, 
that  is,  they  must  be  of  the  form  iV=  9w  +  r,  iV'  =  9n'  +  rj 
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162.  Here  o  +  /3  =  l,   ay3  =  l; 

.-.  a»  +  /S'  =  (a  +  ^)='  -  3a/3(a  +  /3)  =  1  -  3  =  -  2. 

163.  Let  ^n  =  a  +  z;  :.  n-  cf  =  h  =  2ax  nearly,  and  x  =  -— ; 

la 

but  b  =  2ax  +  a?  more  nearly,  ox  =x  (2a  ^x)  =  x  (2a  +  — )  • 
«  .  2a 

2a6 

=  I,  when  x=  a. 

166.   The  number  of  digits  being  in  each  case  odd,  2n  4- 1  suppose, 
we  may  write  the  general  form  for  these  numbers, 
N=r^^  2r*'*-^  +  3r*^  +  &c.  +  3r»  +  2r  +  1;  . 

.-.  — =  r^-H  2»*'^  +  &c.  +  4r*  +  3r  +  2  +  i : 

r  f 

or  iV(l  --)=  r*"  +  r*^»  +  &c.  +  r"  -  (r»-'  +  r^  +  &c.  +  1  +  -); 
»*  r 

r~     *r-l       r'r-1        r(r-l)' 
or  N=\^ — _ij  =(r»  +  r^»  +  &c.  +  r«  +  r  +  l)«. 

167*.  Let  A,  B,  C,  taks  respectively  x,  y,  z,  days  to  do  the  work : 
then  in  one  day,  JB  and  C  do  m  times  as  much  as  A ; 

...  1     1     m    ..11     /f>\  1.1     "      /o\  1     1    P 

•*•  (1) «  + ;  =  V'  «™'^iy'  (2) ;.  +  7  =  r, '  (^) :;  +  «  = . « 

y      z      X  x      z      y  x     y     z 

from  (1)  and  (2),    ---  =  ---     or  — —  =  -— -; 
y     X     x     y  X  y 

from  (1)  and  (3),  =  - ;  .'.,  substituting  in  (3), 

l^m  +  1     1  _    j>       OT  +  1  _1 1     _    j?  1 

x'n^l'x    p^l'     X     '       »i  +  l     n  +  1     |>  +  1  ^  +  1' 

168.  Here  a^  +  OiX  +  &c.  +  a^x'  +  &c  =  (p^  +pjX  +  &c  +  j^fj:'  +  &cf 
=  (_p,  +  PiX  +  &c  +/Jra^  +  &c)  X  (^0  +^ja:  +  &c  +2?^*"  +  &c): 
multiply,  and  equate  coefficients  of  x". 
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1 69*.  (i)  V—  +  V—  =  V—  {V«+i+l}  =  (by  Question)  x  =  (x+l)-! ; 

XXX 

.♦.  V-——  =  V(*  +  !)-!>  or  V*  +  V«-l  =  Vxi- 1 ;  square,  &c. 

X 

(ii)  V?l{l+V?+I}=a»=z{(a:»+1)-1};  .-.  V?=l=ar{V^-l}, 
or  z=a:  Var^+l-Va;*-!;  whence,  squaring  and  reducing,  we  get 
ix*-l)-2x'^x*-l  +  x'=0,  or  Va;*-l-a:  =  0;  .-.  x«- 1  =  a:*,  &c. 
170.  The  chance  that  A  wins  at  least  four  games  out  of  five  is 
[215]  y  +  5p*q,  where  ^  =  f ,  ?  =  1,  and  is  .-.  HI  =  the  odds 
against  him  are,  consequently,  131  :  112. 

172.  See  Ex.  47. 

173.  Observe  that  in  each  case  c  is  the  (»  +  2)*  term  of  an  a.,  g., 
or  H.  series,  of  which  a  is  the  1^'. 

176.   This  follows,   of  course,  at  once  from  [86]  :   but  may  be 
proved  independently,  as  follows. 

Let   £  =  aA,  AC=bB' =  abAB;  then  C=abB  =  a*bA, 
and  .:  Cac  B  xA:  also  let  V{A'D)  +  ViAB')  =  cC,    or 

V{A'I))  =  a*bcA-AV<^,  or  I)  =  A  {a*bc  -  a^f  =  dA  sup- 
pose, and  therefore  D  cc  A.  Hence  m  V(AD)  -  n  V(BC) 
:  p  ^A  \  q  \ID  in  the  constant  ratio  m  ■\ld  -  n  X^{a^b) :  p  +  gy'd. 
177*.  Since  (a  -  by  is  positive,  therefore  a*  >  2ab  -  &'  >  (2a  -  6)  6 ; 
so  6*  >  (2&  -  c)c,  c*  >  (2c  -  a)  c ; 

.-.  a'6V  >  abc  (2c  -  6)  (26  -  c)  (2c  -  a). 


Q 


,=  l^  +  P.  A  =  ^-i^-P;  Q.  =  l(^:il^-P)+2P 

=  Q,  =  -  ^  +  P :   /.  .4  =  n  (71  -  1)  P:  and  then  we  have 
n  •* 

Qi  =  (»  -  1)  P  +  P  =  «P,  and  P,  =  »(»  -  2)  P; 
Q,  =  {n-  2)P  +  2P  =  nP,  &c.: 
.'.  share  of  each  =  nP,  and  number  of  persons  =  n  -  1. 
179.   From  (1)  (x+y)  (a:*+y*)=13,  and  (2)^(1)  gives  j:y=6  V(«+y); 
.-.  by  (1)  {(x+y)*- 12  V(a:+y)} (x+t/)  =  (x-f y)^-12  (ar+y)*  =  13, 

whence  (x  +  y)*  =  -  1  or  13; 

.•.  X  +  y  =  1,  and  xy  =  6  ^/(x  +  y)  =  -  6,  &c. 
180*.  The  possible  cases  are  S^^,  S^^^,  /S^s,;  Pi  =  P,  =  P,; 

and  P's  exp.  =  f  of  445  +  f  of  63s  +  f  of  825  =  £3  75  2^d. 
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181.  In  [130]  put  r  =  10,  o  =  3. 

182.  By  [148]   (i)  a  =  ^  (1  -  JT),   (2)  (/  =  t^  (1  -  R^); 

r  r 

'*'.=  l+ir;    .-.  ^+ -=2;whencer,and22»=     ** 


o  '         ^      o        '  '  d-a 

186*.  Use  ^,  J9,  C,  D,  for  the  four  colours :  in  the  four  middle 
squares  put  A,  B,  C,  D)  this  may  be  done  in  4.3.2.1 
=  24  ways :  take  any  one  of  these,  that,  for  instance,  in 
•which  AB  is  horizontal,  -4 C  vertical,  and  AD  diagonal: 
then  in  the  vertical  line,  AC,  may  be  placed  B  and  D, 
and  this  may  be  done  in  2  ways,  the  order  being  BACD 
or  DA  CB ;  so  in  the  vertical,  BD,  may  be  placed  A  and  C, 
in  the  horizontal,  AB,  may  be  placed  C  and  D,  and  in  the 
horizontal,  CD,  may  be  placed  A  and  B,  each  pair  in 
2  ways ;  and  now  it  will  be  found,  by  drawing  the  figure  in 
any  particular  case,  that  there  is  no  choice  as  to  the  coloiws 
of  the  four  remaining  comer  squares:  hence  the  whole 
number  of  difierent  ways  =  24x2x2x2x2  =  384. 

187.  The  series  isp{ar'±ma'"''b+&c}±mqb{a'^^±(m-l)ar*b+&c} 
=p{a±  by  ±  mqb  (a  +  b)"'-\ 

188.  Let  rj,  r„  &c.  be  the  ratios  of  the  respective  series :  then 
y  is  the  (m  +  2)*^^  term  of  the  series  z,  xr^,  xr^,  &c.; 


.-.  y  =  xr;^\  and  r^  =  Q""';  so  r,  =  (^jT\  Sec; 
...  K.=  ^r.  M.^  xrr,  &o,  or  I  +  I  +  &c.  =  (Jj  ,  (0)"  +  &c 

m  m  m 

190.  The  chance  [215]  =^«  +  4^y,  where  jj  =  |,  j  =  f . 

191.  (i)  V»»>V(»i+l),if  m*>(m  +  l)»,  orm>fl  +  -V>l  +  -+&c 
which  IS  the  case  if  w»  >  3. 

(ii)  Extract  the  roots  as  in  [42  Ex.  3]  :  then 


42  KEY   TO    PART  II. 

192.  Put  ^=  ^  =  &c  =  m:  then 
a,     O3 

a*  +  a*  +  &c.       a^.ma^  +  a^.ma^  +  &c.  _  „ 
Oiflg  +  ajflj  +  &c.     ma^.a^  +  mflj.aj  +  &C'  " 

(ii)  7  =  —  nearly,   since,  when  x  is  very  great,    x* 

«  +  «'      * 

i 

vanishes  compared  with  the  higher  power,  x^,  &c. 

195.  Assume  a; .  , _, —  .  =  a;  (1  +  Aa?  +  5z*  +  Cx*  +  2)**  -i-  &c). 

1  -  ex*  +  ex*        ^  ' 

196.  (m*  +  1)  X*  -  4nyx  +  (n*  +  1)  (y*  -  a*)  =  0,  whence 

_  2ny  ±  V{(w'  +  1)»  g'  -  (n'  -  1  )^  y"} 

X  —  tf       ;  ■ 1 

/n*  +  1\* 
where  we  must  have  y*<(-5 — r)  o*,  that  is,  y  between 

n*  +  1  .    . 

±  -J — 1^  fl,  which  are,  therefore,  the  limits  of  y,  and  also  of  x 

from  the  symmetry  of  the  Equation. 

197.  S„  =  {2a  +  (n  -  \)h}\n  =  aw  +  i6(n  -  1)  n; 

.-. -S'„+/S',„i+&c  =  o{n+(»+l)+&c}  +  i6{(M-l)n+n(n+l)+&c}, 
where  the  coefficient  of  a  is  an  A.  P.,  and,  in  that  of  ^6,  the 
sum  may  be  found  thus : 

for  the  series  1.2  +  2.3  +  &c,  D  =  (nJr  1)  (n  +  2) ; 
.♦.  by  [187]  Sn  =  in  (w  4- 1)  (n  +  2),  and  the  sum  required  is 
'5.,.,-'S,.,=i{(2«-2)  (2«-l)2n-(n-2)  {n-\)n}  =  \n{n-l)  (7»-2). 

198.  Let  Ap"^  Jr  Bp""  =  a,  Aq^^  \  B(f  =  h;  then 

^  =  4tML,  ^  =  i^l:^,  and  X  =  ^r"  +  ^r"  =  &c. 

199.  (2)^(1)  gives  (x»  +  y*)(x»-xy  +  y«)  =  91;  .-.,  from  (1), 
(25  -  2xy)  (25  -  3xy)  =  91,  whence  xy  may  be  found. 

200.  Let  X  =  ^'s  chance :  then,  if  A  fails,  of  which  event  the 
chance  is  f ,  5's  chance  will  be  x,  and  .•.  -B's  chance  at  first 
is  Jx;  so  Cs  is  ^^x,  Us  -§|x:  and  the  sum  of  all  these 
chances  is  certainty ;  or  x  +  f  x  +  ^^x  +  -|tx  =  1. 
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oni     c    fi  ,      .«(w-l)     o   .     ,          ,      ,.     n(n-l)(n-2)     .   , 
201.  S  ={l+n4-Ar~^  +  &c}  +  {ra  +  n(n-l)+    '■       ;^ ^  +  &c} 

=  (1  +  1)»  +  n  (1  +  !)"-»  =  2"  +  «.2"-'  =  (n  +  2)  2''-». 
Similarly,  with  the  lower  signs,  S  =  {l-iy  +  n{l-  1)"'*  =  0. 

204.  By  [148]  the  fine  P  may  be  regarded  as  the  present  value  of 

72—1 
an  annuity,  or  extra-rent,  P .  ,   — -d-h  -  -^>  suppose :  the  new 
1  —  Ji 

fine  then  must  provide  for  this  extra-rent  during  the  q  -p 
years,  which  are  to  be  added  to  the  original  term  =  fine  for 

g  years  -  fine  for  ^  years  =  -= — -  {(1  -  i2"')  -  (1  -  iZ''')}  =  &c. 
JC  —  1 

205.  By  [219  Ex.  1]  JS's  chance  of  throwing  6  is  a%,  and  of 
throwing  above  6  is  f  J ;  .*.  his  expectation  is 

(3^    of  Is  +  fi  of  2s)  -  Is  =  iis  =  did. 

206.  (ii)  aP(UA)""'+(6«-o^)(l  +  A)-"  =  aP(l-?n/i)f(6'-o^)(l-«A) 
=  b^  +  h{{n-m)<f-  nb'}  =  6«  [1  +  {(n  -  m)  o^ft"'  -  n}  A] 

=  6*(1  +  M)  suppose  =  6«  (1  +  A)*  =  &c. 

2a;  4  3y 
a;-y    ' 
.-.  a'-a:*  =  3a:y  (2x  +  3?/),  and,  by  (1),  b^-7/'=3xy{3x  +  2y)i 

hence  a*  =  ar*  +  6j:*y  +  9zy*  =  («"-  +  3a;*  y)*,  or  a*  =  a;*  +  3«*y ; 

so  6*  =  y^  +  3a:2^«;   and  a*  +  6«  =  (a:«  +  y*)'  =  z*. 

208.  ^i  =  l  +  l  +  &c  =  «,  5,=  ^,  53=^2-'',  &c,  S„=^^-j-. 

OO^T.O^llo  11  1  1 

209.  Let     S=  1   +  -  +  -  +&C+      -+  — -+ — -+  — 5; 

2        3  n     n  +  l     »  +  2     »  +  3 

•••  >Sf-(l+i+i)=  T  +  T  +  T.  +&C+ ;  subtracting,  we  get 

4        o         b  «+o 

^^333  3  11  1 

1  +  a  +  3  - 1^4  +  2:5  +  3;g+«Jc+^^^^g^+ ^^j  +  ^^2  +  n+3' 

211-   ^-m^t^^^-p  +  &c.        212.  7a  -  7(«  -  X)  :  7(6  +  a:)  -  Vft 
a>     T  *    "T  * 

m,      TO'    ,,      1  a;.     »,,  .,      1  a;.     «/,       ,  «>,  n  ^ 

e  vo-  vo  (1 ) :  Vo(l  +-  t)-VO=wo  yo  :  »M^^  o  =  &c. 

^      ma  «  0 
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215.  (i)  There  are  36  different  throws  with  two  dice:  the  ace 
of  either  die  may  fall  with  any  one  of  the  five  other 
numbers  of  the  other  die,  so  that  there  are  2  x  5  =  10 
favorable  throws ;  and  the  chance  of  a  single  ace  is  ^ : 

(ii)  One  ace  must  be  thrown  the  first  time,  and  none  the 
next,  or  vice  versa ;  now  there  are  216  different  throws  with 
three  dice,  and  the  ace  of  either  of  the  three  may  fall  with 
6x5  =  25  different  pairs  of  numbers  on  the  other  two  dice ; 

.'.  chance  of  one  ace,  in  either  throw,  =  -    ^    =  _-  ,  and  of 

5x5x5      125   ,  ,  .     ^     „  25      125, 

no  ace  =  -g^g-  =  ^iq  '  '^^^^^  chance  required  =  2(—  x  — ): 

and  the  ratio  of  the  two  chances  in  (i)  and  (ii)  is  432  :  625. 

216.  Put  ¥  -  ^ac  =  (6  -  2am)*,  &c. 

217.  Let  a;  =  n°  of  candidates;  then,  voting  only  for  one,  he  can 

a;  (a;  -  1 ) 
dispose  of  his  vote  in  x  ways;  voting  for  two,  in  — ^  -  - — ^ 

ways,  &c;  .-.  a:+ ^^^ +&c  +  a;  =  «  =  2'-2,  by  (177  Cor). 

218.  Let    ^^^^^q„^yj^,   IP'L"  =  y^,  +  !|tl ,  and  r^^r,,  =  h; 

'-'  10  =  g,Hi  +  g».i  +  *'"^'^  *"""';    hence  r^i  +  r^v    must  be 

a  multiple  of  6,  and  (each  of  r^i  and  r^^^  being  <  6)  must 
therefore  =  h,  and  then  q^^  +  q„^.i  =  9. 

2^'-  (^)=^r3-^^^5-^^}=«'^^"pp°^^- 

of       a?  a;"       a;"**        a;"^ 

Now  let  ^'=  a;  +  —  +  —  +  &c  +      —  + ^  + r, ; 

2        3  «n+l»+2 

.       S'      X       sf       x"      ^  a;"       1      1 

then  — =  -   +   — +  _+&c+ +  -  +  5 ; 

a:*       3        4         5  n  +  2     x     2 

„,,     1,     2x      2x»     2a:'  „           2a:"         ar"*^      a:"^  1  1 

a:*      1.3     2.4     3.5  n(n+2)     n+1      nf2  x  2 

put  a:  =  -  1 ;  then 

^         2        2        2       „     ,  2            (-l)*"*     (-1)"^*  ,  1 

^=-r:3^2:4-3:5+^''±M^72)^-^^Vi:2-^'-2' 

nr^vj-l     f    1^-/    1  ^    .     1  (-1)" 

or  ^o_--^-i;  i„^i-^^2^-2      („  +  l)(„  +  2)* 


KEY   TO   PART  II.  45 

=  l(l__i_)_l{(l._i_)  +  (l-  J_)}  =  &c. 
3^       n  +  V     6^4     n  +  2'^3     «  +  3^^ 

220.   j5'g  exp.  arises  from  the  sum  of  the  diflferent  chances  of  ^'s 
throwing    (i)  head,    (ii)  tail-head,  (iii)  tail-tail-head,  and 

.*•  =i(ls)  +  i(2s)  +  i(3s)  +  &c. 
the  sum  of  which  series  may  be  found  by  [184], 


mn 


221.  -  =  i-X*^     -  =  (-Y*"i  ^^^  -P  ^°'  «"*'"  +  ^'"^"  +  c'^'  *^^" 

-  tnn  mn  —  - 

m»  mn      n 

hence  ar"*  =  a'^P,  and  «"  =  a'^"P'"',  so  y"  =  &c,  2"  =  &c ; 


mn 


and  .-.  if"  4-  y"  +  z"  =  P.P"*  =  P  "*  =  ^";   or  P  =  Z;" 
223.  (i)  {2a  +  (n  -  1)  rf}  |n  =  w*,   or  2a  -  rf  =  » (2  -  tZ),    which  is 
true  for  all  values  of  n   only  by  having   2a  =  rf,    2  =  di 
.'.  a  =  1,  and  the  series  is  1  +  3  +  5  +  &c. 

2-4.  ---  =  _^ ..   ...  -5  =  -—  ,  or  x^-xy  =  f,  and 

»» Vy    »»  V(^  -  y)        y     *  -  y 


py_f_i=o,&c. 


225.  The  chance  of  safe  return  for  each  ship  =  A  =  jj;  the  chance 
required  =p^  +  5p*q  +  lO^'j*. 

226.  Let  a:*  +  y*  +  2*  =  a*,   and  put  y*  =  2a-z ;  then  x^z  =  a,  or 
x  =  a  -z;  .•.  2  (a  -  z)  z  =  D  =  mV  suppose;  and 

2a  _    »»*a  _    2ma 

*~w*T2'    ^"m'T^'   ^~m*T2* 

If  a  =  9,  put  /»  =  4;  then  «  =  8,  y  =  4,  a  =  1. 


4P  KEY    ro   PART    IT. 

227.  Lot  x  =  n°  of  candidates,  which  is  odd;  then  ^(x-l)  =  n°  to  be 

J  x{x-l)     p       x{x-l)...{x-^{x-\)  +  l} 

elected ;  and  n  =  a;  +    \  ^   '  +  &c  +  -^ — rn—^fi\  — 
1.2  1.2...|(x-l) 

=  S,  suppose :  but  (1  +  1)'  =  2  +  2-8";  .'.  S  =  2^^  -  1  =  n,  and 

log(n  +  l)^log{2(H  +  l)} 

"^       log2  log  2 

228.  Bv  [95  Ex.  5]  ^„  =  ^•^••- (-^»  -  ^)  (2^;)'". 

.-.  ^,  +  ^,  +  &c  =  1  +  2x  -f  J^  (2a:)*  +  &c  =  (1  -  2  (2x)}-i. 

nnr.     /-s/        i  \  n     /•       ^>     (n  +  l)n     (n  +  l)n(n-l)      . 

229.  (i)  (n  +  1)  5  =  (n  +  1)  +  ^    ,  .'    +  ^ ;  „  \ ^^  +  &c. 

=  (1  +  1)"*^  - 1  =  2""^  -  1. 

(ii)  By  [188],  J)  =  (n  +  l)th  term  =  (n  +  1)  (n  +  2)' 
=  (n+1)  (n+2)  (n+3-1)  =  (n+l)  (n+2)  (n+3)-(«+l)  (n-2); 
.-.  S=  in  (n  +  1)  (n  +  2)  (n  +  3)  -  |n  (n  +  1)  (n  +  2)  =  &c. 

230.  Let  the  number  be  n ;  then  n°  of  ways  in  which  they  can  be 

drawn  1,  3,  5,  &c.  together  =  n  +  ^(!L:_1)  ^zA)  +  &c  =  2""' 

by  [97  Ex.  6]  ;  and  n°  of  ways  in  which  they  can  be  drawn 
2,  4,  6,  &c.  together 

=  »(^-l)  ,  «(n-l)(n-2)  (n-3)  ^        _ 

1.2  1.2.3.4 

232.  Let  a,  h,  c,  be  the  roots ;  then  [58] 

-p  =  a-\-b  +  c,    q  =  ab -\- ac  i^  he,    -r  =  ahc; 
therefore,  if  r  =pq,  we  have 

abc  =  {a+b-^c)  {o(6+c)  +  &c}  =  a*(6+c)  +  a(6+c)*+5c(6+f)j^cr5c; 
hence  either  6  +  c  =  0,  (which  proves  at  once  the  statement,) 
or  else        a'  +  o  (&  +  c)  +  5c  =  0  =  (a  +  6)  (a  +  c), 
so  that  either  o  +  6  =  0,  or  a  +  c  =  0. 

233.  Since  315  =  5.7.9,  assume 

1  +  ^+5  =  ^,    or  63a;  +  45y  +  35r  =  401; 
o      /      y     oio 

.-.  45?/  +  35s  =  401  -  63z, 

where  the  second  side  must  be  a  multiple  of  5,  since  the  first 

side  is,  and  .'.  x  =  2;  then  9y  +  7z  =  55,  where  y  =  o,  i  ■» 4. 


K.EY   TO   PAUT   II.  47 

235.  Here  p:  q  ::  m  :  n:   now  in  (^  +  qf,   the  «/*  term   is  the 
greatest  [94],   when  y  has  the  least  value   which  exceeds 

(x+  1)—^  =  (in  this  case)  (r(m +  «)  +  !} =rn  + ; 

p^-q  m  +  «  m  +  n 

hence  the  (rn  +  1)*  term  is  the  greatest,  and  this  involves 

the  factor  ^""j'",  which  indicates  the  most  probable  event. 

236.  X-a"  =  ax  +  a'x',    Y-b"  =  bz  +  b'3^,  Z - (f' =  ex ■{■  c'x" :  hence 

(X-  a")  {be' -  b'e)  +  (  Y-  b")  (ea'  -  ac')  +  {Z-  c")  (ab'  -  ba!)  =  0, 

or  /  (X  -  a")  +  wi  ( F-  6")  +  n{Z-  c")  =  0,  suppose,  whence 

IX  +  My  +  nZ  =  la!'  +  mb"  +  nd'  =  P,  suppose : 

X     Y    Z 

but  from  (1)  and  (2)  lY=mX',  .•.  —  =—  =  — ,  by  Symmetry; 

237.  In  Is'  operation,  wine  drawn  =  6,  and  wine  remaining  =  a  -  5; 
in  2°d,  wine  drawn  :b  ::  a  -b:  a,  and  .*.  =  (a  -  6)  -  , 

and  wine  remaining  =  (o  -  5)  (1  — )  =  ^^ • 

jn  3rd,  wme  drawn  :  o  : :  ^^ ^  :  a,  and  .*.  =  V ^  - , 

a  a        a 

,      .  .  .  (a  -  6)* ,,      6,      (a  -  bf     . 

and  wme  remammg  =  ^^ (1  -  -)  =  i '-  •  &c. 

a  a  a 

238.  x  =  {l-il-x''^)}  ";.-.log,x  =  --log,{l-(l-7a;-")}=&c. 

239.  S  (n  odd)  =  1  +  3  +  &c.  to  i  (n  4-  1)  terms  + 

4  {!« +  2*  +  &c.  to  I  (n  - 1)  terms}  =  i  («  + 1)»  +  !«  («*-!)  =  &c : 
similarly,  when  n  is  c»en. 

^t.   The  chance  that  -4  will  throw  tails  three  times  successively 
^r       is  1;  .'.  ^'s  exp.  is  |  of  10s  - 1  of  Is  =  ^d•,  and  the  bet 
should  have  been  as  |  :  ^,  or  7s  to  Is. 
242.   Put  x  =  l  +  h;  then  (i)  m  (1  +  mh)  -  « (1  +  nh) 

=  (m  -  n)  {1  +  (w  +  n)  h}  =  (m  -  n)  (1  +  A)"**"  nearly. 
(u)  (1  +  A)-*  =  1  -  cA  =  (1  -  2eh)i  =  {1  -  e  (1  +  A)  +  e  (1  -  A)}* 
=  {1  -  e.e*  +  «.e-*}^  nearly  =  (1  -  6^+*  +  e'-*}4  =  V(l  -  «*+  e^. 
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244.  S,„  =  {2  +  (2n-l)b}n,   aS„  =  (2  +  («  -  l)&}i»; 

let  S^:  S,„-S„::m:l  =  2  +  (n-l)b:2  +  {3n-l)h; 

=  (2-b)  +  nb:{2-b)i3nb; 
whence   (m  -  I)  (2  -b)  =  nb{l  -  Sm)  for  all  values   of  n ; 
.-.  [170]  1  -  3m  =  0  or  m  =  1,  and   2  -  6  =  0  or  J  =  2. 

245.  The  question  is  the  same  as  if  there  were  to  be  one  trial 

(i)  with  six  dice,  (ii)  with  twelve :  in  (i)  the  aces  might  be 

on  any  two  of  the  dice,  (and  the  six  may  be  taken,  two 

together,  in  15  ways,)  and  on  the  other  four  may  be  any  of 

the  five  other  numbers,  so  that  the  whole  n°  of  favorable 

throws  is  15  X  5*,  and  the  whole  n°  of  possible  throws  is  6*; 

,  .    ,.,     15.5*        ,..,,,  .    ,.-^     66.5"> 

••.  cnance  in  (i)  =  :  and  similarly  chance  m  (u)  =  — „^—  . 

246.  2x,  X  {2x,  +  2x,  +  &c)  =  (y'  -  y^)  {{f  -  y')  -f  (f  -  y'^)  +  &c} 

247.  Assume  x^ ^ p3^  +  qa^ -\- rx - 1^  =  {a^  +  tnx  +  s)  («*  +  «a;-s)  =  &c; 

r  r 

.*.  p  =  m  +  n,  q  =  mn,  -  =  n  -  m,  whence  2«  =p  +  -  , 

r  r* 

2m  =p — ,  4mw  =  »*-  —  =  40. 
s  s 

Ex.   2m  =  - 6-4  =  - 10,  2n  =  -6+4  =  -2; 

.-.  a:*  -  5a:  +  2  =  0,   and  a:*  -  «  -  2  =  0. 

248.  z  =  y  (1  -  j/*)'4  =  1/  +  iy*  + 1«/*  +  &c ;  and  since  y  changes  siffn, 
not  value,  with  z,  and  z  with  a:,  we  may  assume 

y  =  ax  +  bo?  +  C3^  +  8zc; 
.'.  z  =  {ax  +  bx'^  cz^  +  &c)  +  I  (aV  +  3a'5a;*  +  &c)  + 1  aV  +  &c. 

=  ax  +  {b-\-  i^)  x'  +  ic  +  ia-b  +  ia^)  ar>  +  &c : 
.-.  a;  =  z-iz'  +  iz*-&c  =  aar  +  (6  +  |a')a:*  +  (c  +  |aVj  +  aa»)ar»  +  &c 
-ia*  x"-        (a'6  + V)«*-&c. 
+  >*  «*  +  &c 
.•.  l=a,  0  =  6  +  |a',  or6=--|;  0  =  c  +  ^a*6  +  /o"S  orc=YJo' 

249.  See  [74].  250.  See  [217  Ex.  2]  :  ^'s  drawing,  whether 
before  or  after  ^'s,  if  his  coin  be  not  looked  at,  makes  no 
difference  at  all  in  A's  expectation;  just  as  if  -4  had  had 
originally  three  chances,  and  had  given  £  one  of  them. 
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251    "~^~^^^  _  (^c-^d       a-b  _  {ac-hd)+(ad~hc)  _  (a-b)(c^d)  ^ 
'  a-b-Crd     ad-Lc' ' '  c-d  ~  {ac-bd)-{ad-bc)  ~  (a+b)  {c-d) ' 
.-.  a  +  b  =  e  +  d,  or  a-c  =  d-b',  hence 
ad-bc      _  o  (rf  -  6)  +  6  (o  -  c)      a  +  b  _  a  +  b  +  c  +  d 
a-b-c  +  d  2{a^c)~~      "^     2     ~  4 

252.    (i)  Here  b*  =  ac;  and  a'  -  6*  +  c*  >  (a  -  6  +  c)',  if  (expanding 

2ac 

and  arranginar)  2ab  +  2bc> 2ac  +  26* > 4ac,  or  6 > ,  which 

...  o+c 

It  18,  by  [150]. 

(ii)  (a  -  a')*  4  (5  -  b')*  +  (c-cr)*  is  positive,  and  /.  >  0 ;  that 
is  1  +  1-2  {aa'  +  bV  +  cc')  >  0. 

255.  It  matters  not  when  B  drew  his  coin;  it  is  certain  that 
A  cannot  have  drawn  J5's  sovereign ;  and  .'.  his  expectation 
is  the  same  as  if  he  had  to  draw  two  coins  out  of  eight  only, 
which  he  knows  to  be  four  shillings  and  four  sovereigns, 
that  is,  it  is  f  of  84s. 

256.  Squaring  and  multiplj'ing  out,  it  will  be  found  that  the 
quantity  may  be  put  into  the  form 

257.  Assume  for  the  numbers  4x,  a?  -  4x,  and  2a;  +  1 :  then  three 
of  the  conditions  are  satisfied,  and  it  remains  to  make  the 
sum  of  the  ^rs^  and  third  a  squiire:    put    6x  +  l  =  m*;  , 
.'.  x  =  \  (m*  -  1) :  put  m  =  11. 

258    ^^  =     Q  (1  +  ^  +  ^  +  &c)    ^  q  (1  -  x)-^  ^  a(l-x) 
6-1     xy  {1  +  2x  +  3x'  +  &c)~  xy  {1  -  x^  xy      ' 

6-1     ,1         ,^  ,    -n  .  .  1  1 

•*•  y  =  *  7 — 7  ( —  i)»  and  if  x  increase  m  H.  P.,  then  -  , 

o  +  1      X  X 

and  .'.  also  y,  will  increase  in  A.  P. 

(n  +  V\^  a;*  rr* 

259.  (i)  ^    ^^.  ^    =  _    ,„       ,,  =  iTt^-cT  '  ^hich  is  <  1, 

n*  2n  (2w  +  1)      4n*  +  2n 

if  4n*+2n>a:*,  or  2n  +  |->V(a:*  +  i);  •'•  «  must  be  the  integer 
next  >  |-  y{x*  +  J)  -  i},  that  is,  n  =  ^x. 
(ii)  (a;  -  a?"*)"  =  z"  (1  -  x'*)"  :    find    the    greatest    term    of 
(1  -  a;-*)»  by  [94]. 

260.  Their  chances  are  equal,  and  each  =  f :  (ii)  f  x  f  x  f  =  ^^3  : 

(iii)fx|x|-=,Y3. 

e 
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261.  Let  X  =  — , suppose ;  then 

x  +  2a  _  12ab^2a{a  +  b+p)  _  {1b  +  a)+p  _  (Ib  +  a-^p)  {5b-a+p) 
'x^2a  ~  i2ab-2a{a\b^p)  ~  {5b-a)-p  '^  (56-^0* -p*  ^  ^ 

35i*- 2a&-o*+ 125a  +  «*     ,    ,   ^.^  ,.       .       „36  +  a  +  » 
=       256-- 10.6  ^a»-y       =  (substituting  for^«)  -j^^^^: 

«f26     3a  +  64»,„ 

and  their  sum  =  1. 

262.  Put  2a:*-&c  =  (2a;+/y  +  m)  (ar+ny+p);  then,  equating  coeff', 

/+2n  =  -21,  ln  =  -l\,  mn  +  /jj  =  34,  m-\^2p  =  -l,  mp  =  -Z; 
from  the  first  two  of  these  we  see  that  I  and  2m  are  the  roots 
of  2*  +  21z  -  22  =  0,  where  z  =  1  or  -  22 ;  from  the  last  two, 
m  and  2p  are  the  roots  of  z"  -t- «  -  6  =  0,  where  z  =  2  or  -  3 ; 
if  we  take  »» =  -  3  and  2p  =  2,  we  have,  from  the  middle 
equation,  -  3n  +  Z  =  34,  where  we  see  that,  of  the  two  roots 
(1  and  -  22),  2n  must  =  -  22  and  /  =  1,  and  the  factors  are, 
consequently,  (2z  +  y  -  3)  (a;  -  lly  +  1). 

263.  Let  "*  "  "  ^  I  =  a; ;  then  (1  -  ar)n»  -  (1  +  a:)n  +  (1  -  a)  =  0, 

,         l+ar±V{(l  +  a;)*-4(l-a;)*}       , .  ,  .       ,,    . 

and  n  = ^  ^\  ,, — '—r — 5: ^ ,  which  requires  that 

2  (1  -  a;) 

1  +  a; 

should  lie  between  +  2  and  -  2,  or  a;  between  ^  and  3. 

l-x 

264.  For  shortness,  write  /  and/'  for /(a;)  and /'(«):  then 
(«'  -/)'  =/*  -  1.  whence  /=  | (a'  +  a"),  /'  =  i (a'  -  a'); 

=  A  {(a'  +  a")  (a"  4-  a"*)  ±  {a'  -  a*)  (a"  -  a"*)}  =  &c. 

265.  (i)  i^a  of  £5  9s:     (u)  ^^j  of  £4  8a. 

266.  The  ar^  term  is  |f  {12.1(f-*- (-If},  which  is  integral,  if 
11.10*^  +  10*^  -  (-  If-*  is  divisible  by  11 :  but  10"*  ±  1  is 
divisible  by  10  +  1,  or  11,  according  as  x  is  odd  or  even,  &c. 

Since  the  a;'h  term  may  be  written  ^^ .  10*''  +  A  •  (-  l)'"', 

-  „      6     10' -1       5     (-ir-1      „ 

we  have  ^=-.  ^^-^  +  - .  _j-j- =  &c. 

267.  N=  n*  -  1  =  lOm*,  whence  «*  -  10m*  =  1 :  find  m  and  n  as  in 
[166],  and  thence  fimd  N. 
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268.  Here  5**  >  600 .  7x»  (1  4  f a:  +  f .  V"**  +  &c) 

>  600 . 7«*  (1  +  fa:  +  f .  f «» +  &c), 

or  1  >  ^  _^^ ,  whence  x  <  ^g^g  <  yi^-  nearly. 

269.  Let  Q,  =  share  of  r*  person  =  rP  +  -  th  of  rem'  (iZ); 

.-.  12=^n(Q,-rPX  and  Q^,  =  (r+1)  P+ i  {—  P-(r  +  l)P 

n      n 

»*-lr^         «-1ti  r\  -n  •.•  p        n-1 

= Q,  + P  =  rQ_  +  vP,  vmtme  v  for : 

n  n  °  n 

hence  «P=s  Q„  =  t;Q^i  +  «P  =  (c*Q^,  +  »*P)  +  vP 

=  {.i^Q,^^  +  «*P)  +  «*P  +  t?P  =  &c. 

=  («"''Q,  +  t>-'P)  +  »"^P  +  &c  +  t>P 

=  t,-'  (?  +  „P)  +  „"-»p  +  &c  +  »P 
n 

n-1  l-c«-l^        '     ^         '^ 

whence  a;  =  (»  -  1)  P  ((n  -  1)  +  r""}  =  &c. 

270.  Four  cases  are,  a  priori,  possible,  and  chance  of  drawing 
from  either  bag  is  ^;  (i)  5  may  be  transferred  from  A^ 
for  which  Pj  =  i  x  |  =  f ,  or  (ii)  «  from  A,  for  which 
■Pf  =  i  ^  4  =  8 )  or  (iii)  "S  from  B,  for  which  Pj  =  i  x  i  =  i, 
or  (iv)  $  from  P,  for  which  P^  =  \y■i  =  i. 

In  (i)  -4  contains  now  (SiSs,       B  SSsss;  .:pi=^Xi=h    ^iPi=ib'> 

in  (ii)  A    .    .    .    .    SSS,      B    Sssss;  .•.^,=0x|=0,    Pj/),=0; 

in(iii)-4    ....    SSSSs,  B       sss;  .\p^=^xl=l,    P3/>,=  A; 

in(iv)^  ....  SSSss,  B  Sss;  .'.p^=ix%=^^,  P,p,=  ^%: 
.-.  Q.  =  f ,  Q,  =  0,  Q3  =  i,  Q,  =  f  =  i. 
Now  a  second  similar  drawing  is  only  possible  in  the  case 
corresponding  to  Q^ :  we  have  then  |  the  chance  that  there 
was  in  A  SSSss,  in  B  Sss ;  .'  i (|  x  f )  =  ^^  =  chance  that  « 
will  be  drawn  from  each  in  the  Jlrst  drawing,  when  there 
would  remain  in  A  SSSs,  in  B  Ss; 

•'•  A  (4  X  2)  =  6^0  =  chance  required. 

271.  Multiply  numerator  and  denominator  in  (1)  by  1.2.3...  n 

|2n+  1 
then  the  expression  becomes  *• "■  =  &c  as  in  [97  Ex.  5]. 

02 
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bx     ex' 


272.   £-  =  — ;   .'.  ac  =  ¥,  and  a,  b,  c  are  in  G.  P. :  also 


X  log  a  =  y  log  6  =  2  log  c ; 
1      11    logg  +  logc,  _  1     2log6_2^ 
"  X     z~  y^       log  6       ^     y  '    log  6   ~  y ' 
.•.  X,  y,  z  are  in  H.  p. 

273.  That   is,    in    {1  +  a:  (1  +  2x  +  3z*  +  &c)}*  =  (1  +  ar  (1  -  x)-*}» 

=  {l  +  (lT^«y=l  +  2x(l  -a:r +  z'(l  -a:r, 

where  the  coefficient  of  a;"  in  2a;  (1  -  a:)"*  will  be  2n  and  in 
a:*(l  -  xy*  will  be  ^«  (n*-  1),  by  the  Binomial  Theorem. 

274.  Perfonn  on  the  two  given  quantities  the  operation  for 
finding  the  G. CM. ;  then  the  last  remainder  will  be  y-5: 
put  this  =0,  or  y  =  5 ;  then  (64)  the  G.  c.  M.  of  the  two 
quantities  wiU  be  the  last  divisor  ya;  -f  4  or  ox  ■\-  4. 

275.  It  may  be  (i)  white,  (ii)  red,  (iii)  of  some  colour  different 
from  either;  P^  =  ^  =  P^  =  P^'.  in  (i),  there  will  be  n  +  1 
white,  n  red; 

_  n  +  1      n_       n        n-1        2    1_  [»  +  l 

■•■^' ~  2nTT  •  2n  •  2n -  1  •  2n^  "*  3  *  2  "  2M.3.5  ...(2»  +  1)' 
in  (ii),  there  will  be  n  +  1  red,  n  white;  and  p^  is  found  as 
before,   and  =Pi;   in  (iii),  there  will  be  n  red,  n  white, 

\n 
and  one  of  another  colour;  •••■P3  =  2M.3.5  .    (2«  +  1) ' 

|«  +  1  n  +  1  1 

hence  Q,=  0.=  ?:— ^ — rr= —  =  tz ^ ;  Q,  =  ^ z, . 

'      ^     2  \n  +  l  +  |»      2?»  +  3 '      "     2n  +  3 

276.  By  Trigonometry,  area  =  ■^/{S{S  -  a)  (S  -  b)  {S  -  c)},  where 
/S  =  I  (a  +  &  +  c),  and  a,  b,  c,  are  the  sides :  if  m  be  the 
common  ratio,  so  that  a  =  mph  (A;'  +  P),  &c.,  it  will  be 
found  easily  that  S  =  mhl  (gl  +  hk),  S  -  a  =  mhk  (hi  -  gk), 
S  -  b  -  mgl  (hi  -  gk),  S  ~  c  =  mgk  (gl  +  hk) ;  and  therefore 
area  =  m^ghkl  {gl  -f  hk)  {hi  -  gk). 

flP-i  _  1 

277.  In  (i),  S  =  a"*^. 5—,  where  the  sum  must  plainly  be 

a  —  1 

integral :  but  [197]  o*^^  -  1  is  of  the  form  Mp,  and  a  - 1  ia 
not  a  multiple  of  p;  ,\  S  is. 
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In  (ii),  S  =  o"**' . —  :  now  since  a  is  prime  to  p,  so 

also  is  a"*,  and  /.  (a"*)'^*  -  1  is  of  the  form  Mp,  &c. 

278.         S=    A-±  +  &c-(-ir !Lli , 

3.5     5.7  ^      '    (2»+l)(2»  +  3)* 

and2<S-:^=  {^- J-+&cto(n-l)terms}-(-l)-         "  +  ^ 


15      '3.7     5.9  '       '  '   ^    '  (2n+l)(2»+3) 

now{i^-&c}  =  i{a-f)-a-i)+(f-A)-&c} 

= i  {i  -  i + (- 1)"  (2^^  -  2;rr3^^ 

Irl  (-1)"  . 

2^5     (2»  +  l)(2w  +  3y'  • 
279.  Let  o,  /3,  be  the  roots,  a  much  >  yS :  then  p  =  a  +  ^,  g  =  afi, 
and  a=p- ^=p  for  !«'  App.,  =  ^ - ?  =^  -  *  for  2nd  App. 


=p i-  =  &c,  for  Z^i  App. 

P 

280.  As  in  Ex.  97,  the  value  of  all  the  arrangements  that  can  be 

made  with  the  five  digits,  1,  2,  3,  4,  5,  in  the  scale  of  Ifl  , 

10'-  1 
is  [4  (1  +  2 +3  +  4  + 5) -vq — J-  =[5x33333:  hence,  in  this  case, 

the  value  of  the  different  sums  that  can  be  made  is  [5x33333 
farthings;  and  the  number  of  different  arrangements  that 
can  be  made  with  five  digits  is  [5 ;  .•.  the  expectation  is 
33333/=  £34  14«  5J». 

281.  (i)  Retaining  only  the  highest  powers  of  z,  (for  the  others 
will  vanish  in  comparison,)  we  have 

(4a;  +  1)  4  =  5  (3a:  +  1),  or  a:  =  1. 
(ii)  Assume  the  fraction  =  w  for  all  values  of  z ;  then 

(2-3m)z*+{(a;-a)-OT(y-6)}z+{25(a;-2c)-3ma(y-3c)}=0, 
where  we  must  have    2  -  3m  =  0,    (x  -  a)  -  m  {y  ~  b)  =  0, 
2b  {x  -  2c)  -  3ma  (y  -  3c)  =  0,  whence  m,  x,  y. 
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282.  Since  each  must  be  div.  hy  x  +  c,  we  have 

«"  +  aar  +  6  =  (a:  +  c)  (a:  +  o  -  c),    a:*  +  a'x  +  6'  =  (a:  +  c)  (ar  +  a'  -  c); 
hence  b  =  {a  -  c)  c,   b'  =  («'  -  c)  c, 
and  .'.  L.  c.  M.  =  (a:*  +  az  +  6)  (ar  +  a'  -  c)  =  &c., 
putting  for  h  its  value. 

283.  (ii)  Expanding  and  reducing,  we  get 

4  (a'  -  5*)*  c'ef  +  4a»&'  (c«  -  d'f  +  (a"  -  V)'  (c»  -  (T)*  +  16a^6Vd» 
=  {(a*  -  6*)«  +  4a'i*}  {(c*  -  rf»)»  +  4c'<^}  =  (a*  +  5«)*  (c*  +  <?)*. 

284.  Putting  it  =  m,  we  get  mx*  -  {(m  +  1)  a*  -  6'}  a:*  +  a*  =  0, 
where  the  limiting  values  of  m  are  those  which  give 

{{m  +  1)  a»  -  6*}*  =  4ma*,  or  (ot  +  1)  o*  -  6*  =  ±  2a*  V»», 

whence  (■/»»  +  1)*  =  -r*  and  m  =  ( — ^-). 
«  \    a    / 

285.  -4's  Is'  chance  =  f ;  A'a  2°d  chance,  (contingent  on  each  of 
them  drawing  black  the  first  time,)  =  (|  x  f  x  f )  x  f ;  A's  total 
chance=sum  of  these  =|^  ;  so  -S's=(f)xf +(|xf  xf  xf  )xf = J|, 
and  Cs  =  1  _  iX  _  li  =  Ai 

illlU    V^O—   X  66668  6* 

286.  (1)  a;'  +  a:  +  y  =  D.  (2)  y*  +  y +  a;=  a  :  put  a!*  +  a:+y  =  (ar  +  m)*; 
then  a:  =  ^^^:   .-.  from  (2) 

(y*  +  2/)  (1  -  27w)*  +  (m*  -  y)  (1  -  2?n)  =  o  =  {(1  -  2m)  y  +  «}*  suppose ; 

m!'{l-2m)-n' 

"  ^"2(1-  27n)  {m  4-  «)  ' 

i      *v,  «*  +  1  «*  -  2n  -  1 

put  m  =  1;  then  y  =  ^T^-^'  '  =  T^T T)"  ' 

if  «  =  3,  a;  =  i,  y  =  f. 

287.  The  scale  of  relation  is  1  -  a;  -  2a:*  =  (1  +  a:)  (1  -  2ar) ;  proceed 

as  in  [181]. 

288.  In  (i),        ^      -  = X,  which  is  ^  1,  according  as 

(x  -  l)x^r{l  -  x),  which  is  the  case  (for  all  values  of  r) 

according  as  x^l, 

T    ,...    (r+l)A     ar-r  +  l         ,.  ,.       ,.„a;+l      ,      1 

In  (u),  ^^ — — i-  =  —     -    X,  which  is  <  1,  if  <  1  +  - , 

ftu  r  r  X 

01  r>x. 
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289.  If  possible,  let  p*N*  =  an^■r,  ^N* = in  +  r  5  then  {p*  -q^)N* 
=  (a  -  6)  n,  and  is  .••  div.  by  n,  which  cannot  be,  since 
p'  -  ^  =  (p  +  q)  ip  -  q),  where  p  and  q  are  each  <  ^  (n  -  1) 
by  supposition,  and  N,  and  .".  N*,  is  also  prime  to  n. 

290.  The  number  of  ways,  in  which  it  might  fall  head  three  times 
successively  in  five  trials,  is  denoted  by  aaaaa,  aaaab,  aaaha, 
ahaaa,  baaaa,  aaabb,  bbaaa,  baaab,  viz.  8  times;  .-.  chance 
of  this  =  3^2  =  4  =  ditto  for  its  falling  tail;  .'.  chance  of  not 
falling  either  head  or  tail  three  times  successively  is  i,  and 
chance  required  =  i .  2  •  i  =  8^« 

291.  (i)  Let  a,  b,  c,  d,  be  all  real  and  arranged  in  order;  then 
X  is  plainly  possible: 

(ii)  Let  two  be  imaginary,  a  and  b,  =m±nV-l; 
then  (a-c)  (b - c)  =  {m- c  +  n  -^Z-l)  {m-c -n ^/ -1)  =(m- cf  +  n*; 
{a-d){b-d)  =  {m-d)*  +  n*,  and  also  ab  =  m*  +  n'',  .*.  &c. 
(iii)'Let  a  and  b  =  m±n  ^J-  1,  c  and  d  =  m'  ±n'  V-  1 ; 
.'.  a-c  =  (n»-m')-i-(n-n')'/-l,  b - d  =  {m - m')-(n-n')  ■/-  1, 
a-d  =  {m- m')  +  (n  +  n')  V- 1>  b-c  =  (m-  m') - (n  +  «')  •^- 1 ; 
,•.  product  =  {(w  -  m'f  +  (n  -  n'f}  {(m  -  m'f  +  (n  +  »')'], 
ab  =  m*  ^  n*,  cd  =  m'*  +  «'*;  .'.  &c. 

292.  (i)  (X- J)«+(y-i)«=0,  whence  a:  =  i,  y  =  i: 

(ii)  h-Jx^h'Jy  =  a'J2Jx-aJ^'Jy,  whence  ^=      ,«    iJ 
^  »     vj"  ^y     a^/2-b 

.    f 85^  -  V^-V^y       =       (aV3  +  &)-(aV2-ft)       _ 
*•  ^     ^  V'2V«  +  V3Vy     V2(aV3  +  6)+V3(«V2-6) 

293.  Let  the  series  be  -  ,   ,   -— ,  &c;  then 

p    p  ^  q     p  +  '^q 

11  q  1 

or ^ 


P  +  (n-l)q  p  +  nq  (i» - ?  +  «?)  ip  +  nq)  an*-^bn  +  c' 
get  rid  of  fiactions,  and  equate  coefficients  of  n*,  &c. 
295.  They  might  fall  an  even  number  of  heads,  either  two  together, 
four  together,  &c.  or  n  together,  that  is  in  C,  4-  C^  4-  &c  +  C„ 
different  ways,  (where  C,,  C,,  &c.  are  the  coeff^  of  (1  +  ar)",) 
or  in  2"'^  -  1  ways :  but  (since  they  might  fall  no  head,  one 
head,  two  heads,  &c.  or  n  heads)  the  n°  of  ways  in  which 
they  might  possibly  fall  will  be  €,■{■  Ci-\-  &c  +  C„  =  2" ;  hence 
the  chance  of  their  falling  an  even  n°  of  heads  =  (2""'-l)T2''^ 
and  the  odds  against  it  are  2"  -  (2"'*  -  1) :  2""'  -  1  =  &c. 
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296.  Let  P  =  original  property :  then  P^  (at  end  of  first  year) 

=  {1  +  (1  -  m)  r}  P,  P,  =  {1  +  (1  -  2m)  r}  P„  &c., 

P,^  =  {l  +  (l-2pm)r}P,^.,  =  0; 

.-.  1  +  r  =  2pmr,  and  .-.  Pp  =  {1  +  (1  -  7»h)  r}  Pp^^  =  pmrPp,y 

297.  Let  iV+o  =  J^,*,  iV- 6  =  (iVT,  -  1)»;  .-.0  +  6  =  22^^,-1,  or 
iV,  =  -H«  +  6  +  1) ;  •••  iV+  a  =  i  {(a  +  6)«  +  2  (a  +  6)  +  1},  and 
thence  iV-  oft  =  J  {{a  -hf-2{a-h)  +  1}. 

298.  Given  x-y  +  \  -u,  a;  +  l  =  D,  a;  +  t/  +  l  =  D,  y  +  l  =  a: 
then,  since  the  first  three  are  in  A.  p.,  put  [Ex.  43,  Prob.  2]. 

x-y  +  l  =  (p'-q'-2pqy,  x+l  =  {p'+qy,  {xiy^\)  =  {f-^^2pqfi 

then  y  +  1  =  I  +  Ap\  -  Ap^  =  (1  +  2p^qf,  suppose; 
.-.  q=-p\  andy=(l-2p^)*-l=V(^»-l),  and  ar+1  =/>♦(/+!)», 
which,  as  well  as  the  values  of  y  +  1,  &c.,  will  be  found  to  be 
still  squares,  if  we  put  m  for  p^,  so  that 

x  =  m*  (m^  +  1)*  -  1,   y  =  4tn*  (7n*  -  1). 
If  m  =  2,  then  x  =  1155,  y  =  960,  and  the  squares  are 
34»,  3r,  46',  14». 

299.  (1  -  x)-*  =  {1  -  (1  +  n-')}"*  =  (-  nf  =  n\ 

300.  Chance  of  throwing  sixes  in  one  cast  =  i^^-P't  •'•  chance  of 
throwing  sixes  at  least  once  in  x  throws 

=  jp*  +  xp^'^q  +  &c.  +  xp^^  =  1  -  g^  =  P,  suppose : 

•ifP  =  i    «'=i   anda:-^°^-i  = ^^^ =246- 

.-.if a;  =  25,  P>|. 

301.  r"  +  2r'  +  3»«  +  &c.  is  div.  by  r*  +  2r»  +  3r*  +  2r  +  1,  what^ 
ever  r  may  be,  since  it  =  (r*  +  2r'  +  &c.)  x  (r«  -f  2;^  +  1). 

302.  Li  (V2)"^  (1  +  Vf  )"^,  we  have  by  [95] 

r  >  (12  V6  +  1)  -  .y^    .  >  35  V6  -  69  >  16.715. 

yo  +  ^2 

303.  Let  a*  +  y'-l  =  D,  a:*-y*-l=  a  =«*,  suppose ;  then 

y*+l  +  n'=  D  =(y-l+  nf,  suppose ; 

n         1  -m         ..  „      , 

/.  y  = =  ,  writing  in  lor  1  -  w : 

1  -  2in 
.'.  a?  +  •  — s —  =  D ,  or  tnV  +  1  -  2»»  =  □  =  (jnx  -  «)* : 
m  ^ 

»*  +  2m-l    .„  ,  ^       J         5»'- 4     -    .„ 

.•*=^^-2^;^^;if"»=x^o,  y  =  9,  andx=  ^         --8,  if  j)  =  2. 
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304.  The  scale  of  relation  being  1 -4a; +  6x*- 4«»  +  z*  =  (l -a:)*, 
find  Shy  [182]. 

305.  The  number  of  ways  in  which  four  cards  can  be  drawn  is 
— '  OQ-I —  >  the  number  of  ways  in  which  the  required 
drawing  can  be  made  is  4.3.2. 1 ;  &c. 

306.  md) (n,  m)  =  1  -n +   — — —  . —  &c. 

m  +  j>  2        m  +  2p 

m+p  2     ^       m^2p' 

=  (1  -  1)"  +  «p0  (n  -  1,  m  +;)); 

.-.  0(«,m)  =  ^0(n-l,  m+p)  =  ^  .  ^"  " -^^^  0(n-2,  »»  +  2«) 
m  mm  +p 


=  &c.= 


«Lp" 


m  (w»  +;))...  (»i  +  njj) 

307.  iV=o*  +  6»  +  c*+&c.  +  ^*:  now  2 (o*  +  6*)  =  (o  +  6)»  +  (a -  i)' 
=  sum  of  two  squares,  and 
2  (n  -  1)  JV^=  2(n  -  l)a*  +  2(n  -  1)6*  +  2  (n  -  1)  c*  +  &c. 
=  2  (a»  +  6')  +  2  (a*  +  c»)  +  2  (6»  +  «*)  +  &c., 
where  there  may  be  formed  ^n  (n  -  1)  pairs,  each  of  which 
may  be  resolved  into  the  sum  of  two  squares. 

308    _L_4.J_  +  _L_    _    3^(^-2x)(g4l+g-')  ^     3         ' 
'    1-xz      1-x      1-XZ-'      l+(a:*-a:)(z  +  l  +  z-')-«»      l-a;^' 
since  z  +  1  +  z"^  =  0 ; 
.*,  (1  +  a:z  +  a;V  +  &c.)  +  (!  +  «  +  «*  +  &c.)  +  (1  +  xz'^  +  arV*  +  &c.) 

=  3  (1  +  a:*  +  X*  +  &c.), 
whence  coeff.  of  a;*"  =  z'  +  1  +  z"'  =  0,  unless  r  be  a  multiple 
of  3,  when  this   sum  will  =  3.  ■    Now  coefficient  of  x"  in 
given  quantity  is  |  {C,(z''  +  1  +  z"*")},  which  .•.  =  0,  unless  r  be 
a  multiple  of  3,  when  it  =  C,.  =  coefficient  of  x'  in  (1  +  x)". 

X     a^  x" 

309.  Put  iS'  =  1  +  -  +  —  +  &c.  + ,  and  mult  both  sides  b> 

3      5  2»  +  1  ' 

1  -  3a:;  then  S'  (1  -  3a:) 
=  l-.(3-J)-^(i-»-^(J-«-&c.-^(— -_)-_, 

.1      8..-lg^-i|^-i,c.-,^      t"l^      ..»■-   '^' 


1.3        3.0         5.7  *     (2n-l)(2n  +  l)  2A  +  1* 

c5 
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put  1  -  3as  =  0,  or  «  =  ^;  then 

^  =  ^-*'^-(2»+l)3»'°''^=4-4{2n  +  l)3"- 

310.  It  is  true  if  the  first  reporter  spoke  truly,  and  all  the  others 
also,  or  if  he  spoke  falsely,  and  all  the  others  also;  the 
probability  is  .-.  by  [219  Ex.  2] 

V  vp  m  rrJ^ 

V  ^  m  '  v'  -^  m''     c  +  m't^  +  m''* 

31 1.  (i)  Put  s  =  log^  (1  +  n) ;   .-.  1  +  n  =  c*  =  1  +  2  +  iz»  +  &c : 
(ii)  {{z+r/f  - ix-y)'Y=  (x+y)*-(x-yy-3 {a^-y'f  {{x^yf  - {x-y)^', 
.\ixy-3{3*-f)^={{x^y)^-{x-y)^Y^Z{3*-i^)hx^yf-{x-yf-l) 

=  «•  +  3  («*  -  y*)'  (z  -  1),  suppose,  which  is  ^  1,  as  z  ^  1. 

a*  2a* 

313.  Let  the  n"  of  areas  be  2m+l :  then  r  *=  ^ r  ,  r*= :  ,  &c  i 

'     2»i+l     *     2ffH-l 

2m  +  1 

.-. ~-  =  y{m  +  1)  -  V»>}*  =  2m  +  1  -  2  ^/{m*  +  m), 

/>  « 

or  (2m  +  1)  ^-^  =  2  V(m»  +  m)  =  V{(2m  +  1)*  -  1} ; 
F 
squaring,  we  get  2m  +  1  =  jr^i^i)  ' 

314.  (2)  +  (3)  gives 

6»  +  c»  =  ar{(y4-z)*-2yz}  +  yz(y  +  r)  =  a;(-- -—)+—.-; 

•  •  a'  +  2a&c  +  6»  * 

(2)  -  (3)  gives  -—-  =  a:  (y  +  z)  +  yz  =  _  f  — , 
y  -  z  XX 

h'-c'  ^  a' 

or  y  -  z  =         — ^—  ar,  and  y  +  z  =  — ; 
'  a(a*  +  5c)  ^  a:*' 

hence  iabc  =  4a:yz  =  « {(y  +  z)'  -  (y  -  z)«}  =  ^  -  -f ^^f^,  ar* 

=  (by  putting  for  x'  its  value)  ^-^V-^— .  ■-^.    '',  / — 3^ 
■^        (a*  +  Jc)  (6*  +  2abc  +  c*) 

_  g*  (26* +2a&c)  (20^  +  20^0) 

(a*  +  be)  {b'  +  2abc  +  c')   ' 

.♦.  (a't  Jc)  (i'+2a&cfc')=o(6*+ac)  (c»+a6),  whence  o'+6'+c'+a6c=0. 
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315.  Using  b,  e,  d,  for  the  chance  of  ^'s  winning,  and  6',  c*,  d\ 
for  that  of  his  lositig,  with  B,  C,  D,  respectively,  we  have 
the  chance  required  in  (i)  =  bed'  +  bc'd  +  b'cd  =  i  x  f  x  f  +  &c, 
in  (ii)  =  bed  +  bed'  +  be'd  +  b'ed. 

— j ;  hence  the  given  series 

1  -  a:"*'  /I  -  a^\* 

e  coeff.  of  a;'  in   , a  coeffi  of  x*"*  in )  +  &c. 

\-  X  \1 -X / 

«  coeff.  of  ««  in  ^j Ix  ( )  +  ix*  ( — -  &c. 

1-x       '^    \  1  -X  J      ^      \  1-x  J 

1  1  -  a;"**  1  1  -  «"** 

=  coeff.  of  a:«  in  -  log,  {1  +  a:  (^f^^)}  or  in  -  log,    ^--^ 

that  is,  in  i  (log.  (1  -  «'*^)  -  log,  (1  -  x)}, 

X 
1  X^  X^*^  1  a^C**) 

or  in  -  {a;  +  —  +  &c  + ;-  +  &c}  -  -  {aT*  +  —^--  +  &c}, 

and  is  .*. ,  unless  y  +  1  is  some  multiple  of  n  +  2,  such 

^  11 

as  mln  +  2),  when  it  = . 

J-  +  1     m 

317.  For  a„  a„  &c.  use  a,  ar,  &c.,  and  for  ar„  a;^  &c.  use 
X,  X  +  b,  &c. ;  then 

where  the  index  of  a  is  («  +  ar„)  - ,  and  that  of  r  is 

n(n-l)        «(n-l)(2n-l)        n(«-l)        »(2»-l)(_       .. 

2      *^  1.2.3  2 —     ^        6        ^*«  ^^ 

1 

put  now  for  r  its  value  ( — )    . 

318.  Put  5'  =  -1-  +  ;^  +  ;^  +  &c  +  '^ 


1.2      2.3     3.4  (n  +  1)  (n  +  2)* 

and  mult,  by  1  -  2x; 

^  ^1.2        4.2     2.3^         ^2.3     3.4' 

~  *  U  (n  +  1)     (n  +  1)  (n  +  2)/  ~  (»  +  1)  («  +  2) ' 


1.2      1.2.3        2.3.4  «(»  +  l)(»+2)         (n  +  l)(n^2)* 
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(i)  puta;  =  i;   .:S=i- 


(n  +  l)(n  +  2)2»* 
(ii)  T?Mt  x=li  .\-S'  =  i-S-  ^ 


(»  +  l)  (»  +  2)' 
where  we  must  first  find  S' : 

^j 1_       n  +  1       .    ^^3_         n  +  3 


n  +  2     rH-2'    ••         2     (»  +  !)(« +  2)' 

319.  Since  a^-^y*  becomes  (p*  +  y*)*  by  putting  x=p*  -(^,y  =  2pq, 
so  that  x±y  ^-\  =ip±g 'J-^f,  this  suggests  that  ax* -by* 
may  be  converted  to  (ap'+bq'y  by  putting  for  x  and  y  their 
values  deduced  from  x  ^a±y  \lb^-l  =  {p^a  +  q^Jb^-iy, 
which  supposition,  however,  we  can  only  make  when  n  is  an 
odd  number,  since  otherwise  we  should  have  the  terms  on 
the  right-hand  side  partly  rational,  and  the  others  invohung 
^J{ab)  -/-I.  Hence,  by  expanding  and  adding,  &c,  we  get 
the  values  of  x  and  y. 

320.  Put  one  of  the  two  persons  on  a  given  chair ;  on  each  side 
of  him  seat  one  of  the  thirteen  others,  who  may  be  taken, 
two  and  two,  in  78  ways,  and,  besides,  the  two  of  any  one  of 
these  pairs  may  be  seated  on  each  side  of  him  in  2  ways,  so 
that  there  are  altogether  2  x  78  or  156  ways  in  which  this 
may  be  done :  now  seat  the  remaining  twelve  in  any  order 
whatever,  which  may  be  done  in  [12  ways;  also  the  chair, 
assumed  to  be  given,  may  be  any  one  of  the  15.  Hence  the 
n°  of  ways  in  which  the  proposed  arrangement  can  be  made, 
so  that  the  two  shall  not  sit  next  each  other,  is  15x1 56  [12. 
but  the  total  n°  of  permutations  of  them  is  [15:  hence  the 
chance  =  f .    Generally,  in  the  same  way,  the  chance 

_  n  (n  -  2)  («  -  3)  i^n  -3  ^  n  -  3 
[n  »  -  1  * 

321.  We  know    [158]    that  this  is  true    up  to   ^ :    now   let 


tben  z  ^  -  = 


m  ^  m 


i     ('"?»  T  j,^i)  (m'y„  '  g-,..!)  * 


322. 


KEY    TO   PART    II.  61 

vhicli  becomes   less  and  less  as  m'  increases,  so  long  as 

m'  <  m,  that  is  up  to  -^ ,  for  -which  m'  =  the  integer  in  m. 

It  is  plain  also  that,  for  all  such  values  of  m',  —  lies  on  the 

9 
same  side  of  x  as  ■^,  and  beyond  the  latter;  so  that  x, 

■which  lies  between  -^^  and  —  must,  a  fortiori,  lie  between 

-  and  — .    Now  suppose  -  to  lie  between  -  and  x,  and 

S  gn  "''         8  q 

therefore,  a  fortiori,  between  -  and— 5; 

9  9n 

.    *"      Pn      Pn       P       Pn       W«„+iVl^il  * 

.•. -'"  — <-^>-^-<  — -^     ,        •'"-'< ,  or  rq„'^  p„s<-  , 

0       9n       9n       9       9n       »*?n  +  ?«-l       9n9  9 

which  ig  impossible,  if  «  <  y,  since  p,^  q„,  r,  s,  are  integers. 

-. — jT — ; —  =  — 1-  +  — ?=  +  &c.,  where  we  have, 

{x-a){x-h)...{x-h)     x-a     x-b 

by   [172  Ex.  5]    A,  =  -. , ,  ,     '''" r— tt,    A,  =  &c.i 

*     (a-b)  {a-c)...{a- h) 

whence,  by  reducing  to  a  common  denominator  and  equating 

coefficients,  we  have  0  =  coeff.  oi  x  =  Ai  +  A^-^  &c.  =  &c. 

L  ±  1  JL 

823,  log,a:=mlog,a:»»=»ilog,{l+(a:'"-l)}=m{(a:'"-l)-|(a;'"-l)*+&c}. 

=  m  («•"  -  1)  nearly,  if  m  be  a  large  number,  so  that 

_!_  J. 

«"•  may  differ  little  from  1:   hence  log^a;  =  2"  (a:'"  -  1),  if 
n  be  great. 

Now  (x  -  1)  =  (a:*  +  1)  ix^  -  1)  =  (x^  +  1)  (a:*  +  1)  («*  -  1) 

1  -  -  „     4 

=  (a;5  +  1)  (a;4  4.  i)  ...(a;8»  + 1)  (x^"- 1); .'.  log,*  =  2"{x^' -  1) 

2           2 
(if  n  be  very  great)  =  (a;  -  1) . ... . 

x^+1     X*  +  1 

324.  This  question  reduces  to  ar+y=m*,  x-i/=n*,  and«*+a:y+y*=D; 

.♦.  a:  =  i  (wi»  +  n*),  y  =  i  (m*  -  n'), 

a:*  +  ary  +  y*  =  ^  (3w*  +  n*)  =  i»i'  (3  +  z*),  suppose,  =  d  : 

.  ^     o     /^        ^.  .     w'  -  3      2m  (m»  -  3)     ^ 

put««l3  =  («^-7n)';     ...«»= -2^  =  _^_j_i  =  Dj 
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hence  2m*  -  Gm*  =  □ ,  which  has  one  solution,  m  =  -  1  j  put 
m  =  -  1  +  r ;  then  2?^  -  Gr*  +  4  =  d  =  4,  suppose  (assuming 
by  the  rule  in  [207],  -where  2tnp  =  c  =  0,  and  /.  »  =  0); 
.•.  r  =  3,  m  =  2,  z  =  ^,  m  =  2n;  and  in  order  to  have  x  and  y 
integers,  put  n  =  2 ;  then  m  =  4,  x  =  10,  y  =  6. 

325.  If  side  of  square  face  =  1,  it  is  easily  seen  that  side  of 
octagon  =  V2  -  1,  and  sum  of  areas  of  eight  triangular 
faces  =  2  '/3  (\/2  -If,  sum  of  areas  of  six  octagonal  faces 
=  12  (>/2  -  1) ;   /.  chances  are  as 

V3  (V2  -  1)  :  6  : :  V2  -  1 :  2  V3. 

P 

326.  (a  +  b)  =  (s  ^py";  .'.  P  =  {s  +pf,  and 

PI  I  -(l+i  +  &C.) 

*.P*.&C.  =  («+;))*  =(S+;>)P  =  &C 

327.  Let  5  =  «  +  4it*  +  9a:»  +  16x*  +  &c; 

.-.  Sx=  «*  +  4ar'  +    9x*  +  &c, 

and  *S'(l-a;)  =  a:  +  3a:*  +  5ar'+    7z*  +  &c; 

.-.  Sx(l-x)=         a^  +  3x'+    5z«  +  &c, 

and  -S(l  -  «)*  =  a;  +  2x*  +  2a:'  +    2x*  +  &c  =  a:  +  :; =  t^— ; 

1  -  X      1  -a; 

X  +  a^ 
**•  '^  ~  7i ^5  *  P'^*  *  =  8»  or  I",  or  -  f-,  attending  to  the 

(1  -  X) 

sign  in  the  last  case. 

The  n°  of  triangular  faces  =  r^^  =  20,  on  each  of  which 

may  be  erected  six  different  pyramids  with  the  other  three 
lines;  .*.  120  =  whole  n°  thus  formed:  but  each  pyramid 
is  produced  thus  four  times,  (as  appears  by  considering  that 
any  one  pyramid  may  be  placed  on  a  table  in  four  different 
ways;)  .'.  n°  required  =  30. 

pm  _     qn     m'  _n*      .    P  _     ?         j  *     V  _^P        2y 
a*         b*      a*      b*         m        n  m     n     m         n 

but----  .?+y-B^--?i 

a     0  aba  o 

a*     b*      a*      2\a      b/  ah 

330.  There  is  an  equal  chance  of  the  n°  of  terms  being  any  one  of 

the  y-p+ 1  numbers  from  ja  to  q  inclusive :  hence  the  chance 

.     ,  1         rx"  -  1      xP*'  -  1      .        x«  -  11      J 

required  = { -f —  +  &c  + :;-  >  =  &c. 

j-i>  +  llx-l       x-1  x-lj 


328. 


329. 


KEY  TO   PART  11.  6S 

331.  Put  a?  =  1  +  A ;   then 

(1  +  hr*  -  (1  +  A)  (1  +  A)*  =  (1  +  h)  {1  +  A*  +  ^^Y^  h*  +  &c} 

=  (1  +  A)  (1  +  A»  -  iA»  +  &c)  =  1  +  A  +  A»  +  iA'  +  &c; 
.*.  for  l«t  App.  «*  =  1  +  A  =  x;  for  2nd  App.,  =  1  +  A  +  A» 
=  a:  +  (ar-l)*  =  l-a;  +  a:*j  &c 
333.  (i)  Sum  after  n  terms 

= r  +  ^  +  &c= r+&c+--+- r-  +  &C+--+&C, 

n  +  1     n  +  2  »+l  2»     2n  +  l  4« 

vhich  is  >  (— -  +  — -  +  &c  to  n  terms)  +  {-r-  +  -—  +  &c  to  2n  terms) 
2»     2»  4»     4n 

y^l        lo^^^x         xo         n      2n     in      „ 

>  a  +  i  +  2  +  &c>  which  is  infinitely  great : 
(ii)  Sum  after  n  terms 

'=  1  +  _1_  + &c<l{l  +  ^+ -^— +  &c) 

1    r       1       -I       1     »  +  l 

n  +  1 
which  diminishes  indefinitely  as  n  increases. 

,      1  cx  c*a:*         .   . 

"  *  ^(r:^  ^-r:^*  ^-r:i;7 ""  ^'^' 

where  coe£  of  a:'  =  r  {1  +  -^-  c  +  '— ^g  34  s""  +  *<'}» 

as  will  be  found  by  expanding  each  term  of  the  series  by  the 
Binomial  Theorem. 

335.  The  n°  of  tickets  =  1  +  2  +  &c  +  (n»  +  1)  =  H«*  +  1)  («'  +  2); 
value  of  prizes  in  shillings 

=  1  +  2'.  2  +  3«.3  +&C+  n*.n  =  1»  +  2»  +  &c  =  ln*{n  +  1)*; 

.-.  expectation  =  .  ,  !*    ?r;-v~7r\  • 
2  (»*  +  1)  (n*  +  2) 

336.  Let    «*  +  axy  +  fty*  =  (ar  +  my)  (x  +  ny), 

3^  +  oar'y  +  Jy*  =  (a:'  +  my')  (a:*  +  ny*), 
where  m,  n,  are  roots  of  z*  -  az  +  6  =  0 :  then 
(«4fny)  («'+  mi/')=xx'im  {x%/\y3!)\m*yx/=xx!-\m  {xy'+yx/)+{am-h)  yy'. 
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since  m*  -  am  +  J  =  0, 

=  x3f  -  hyy'  +  m  {xy'  i-ya^  ■¥  ayy')  =  X  -^  mY,  suppose : 

similarly,  {x^ny)  {x'  +  ny')  =X-^nY;  and  the  whole  product 

=  X^  +  (m  +  «)  XF+  mnY*  =  X*  +  aXY ^  bY*; 

and  so  on,  of  course,  with  any  number  of  such  factors. 

337.  By  [336],  (x*  +  3xy  +  oy'f  =  X*  +  3XF+  5Y*,  where 

X  =  xx"  -  hyy'  =  a^  -  oy\  Y=  xy'  +  yx'  +  ayy'  =  2xy  +  3y*, 
and  X  and  y  may  have   any  value;   putting  y  =  1,    and 
X  =  3,  4,  5,  &c,  we  get 

-X'=4,  11,  20,  31,  &c,    F=9,  11,  13,  15,  &c. 

338.  s  =  a+h,  p=ab,  q  =  ^;  .-.  1  +  0=  ^  =  f  ,  and  6'=^  =  (-^1 ; 

0  ^00  q      yl^ql 

*     .".  p*  =  sV (1  +  ?)^  =  ^c :  also  (z  -  a)  (x  -  6)  =  ar* -  sx  +p ; 

•Cf  ^  SC  X 

andlog(l-^)  +  log(l-^)  =  log{l-i(a-|)}; 


.*.  -  (-  +  s-i  +  &c  +  —  +  &c)  -  {-  +  f^+  &c  +  -%  +  &c) 

hence,  equating  coefficients  of  —  ,  we  get 

1  (a-+6-)=  -s» ^  {(n-l)s"->}+  J-  {(^]-^^ «»-y} _ &c 

n  »        n-1  71-2*^        1.2  ^' 

'"'-   '  =  ^4  ^1-2  -^  2^3  +  ^'^}  ='  ^^  -  ^^-  ''''  F2  ^^1^' 

340.  The  n°  of  ways  in  which  5  balls  can  be  taken  out  of  the 

^^     50.49.48.47.46  ,    ,  ,         „  .        ,  .  ^    ^ 

50  =  —    9  Q  4.  <; — »  ^""^  ^'^^  number  01  ways  in  which  the 

given  two  can  be  drawn  together  with  3  of  the  remaining 

48  47.46 
48  =  —  ;  whence  A's  chance  of  drawing  them  at  his  first 

l..^tO 

drawing  =  — '—-  =  — -^ .    Now,  if  x  =  A's  chance  of  success, 

then,  since  f |f  =  ^'s  chance  of  failing  the  ^rst  time, 
fj|x  =  5's  chance  of  success;  .-.  x  +  fffj:  =  1,  and  x  =  ;|  j; 
.*.  odds  in  favor  of  A  are  245  :  243. 
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341    ^  =  li'^^zl     V«+2,_l    -y/g-l      lrV«^l      Vx  +  1 
'  x-1     2V«  +  l'''V«-l      2*  V«  +  1^4^Vx+l^  *''«-! 
JL  JL 

1       a^  —  1         1       /r***  4.  1 

*  &c  +  ^  .  — ^  +  —  . ,  -where  the  last  term  be- 

2        j_  2        j_ 

a»"  +  1  a:*"  -  1 

2 
comes  (ultimately,  ■when  n  is  very  great) =,  as 

2"(a:«"-l) 

in  Ex.  323, --^;  .-.  ,-i_  =  1 .  "^  +  &c 
log,  X        logg  X     2    X  -  1 

342.  Put  v  =  s/',  then,  if  «r  denote  the  rti»  term,  we  have 

il  =  l   :^^_L   ^-1_1    «*  +  !     1      «'  +  l       1. 

u,.,     2'-*  »  +  l  •  2'^''^i?Tl~2' (tJ  +  1)*^  2'  2(»»+l)     5' 

and<^M.^l)l^+i)\  «,=  1.4zi;  ...^^>«,. 

«,.,       4  (u*+l)*       '      '     4    »*  +  !'        v. 

if  (tj  +  1)»  (r«  +  !)>(»»+  If,  or  »♦  -  v*  >  V  -  1,  or  «  >  1. 

343.  Consider  the  expressions 

(«+c)  {x^(*) ...  (x+c")  =«"+  PjZ»-'+  &C  +  P„ (1% 

(ar+c)  (ar+c*)...(a:+0=«"''+  Qi«""  +  &c  +  Q^, (2), 

(«+c*)  (x+c")...  (x+c»)  =a:"-»+cQiZ"-»+c»Q^"-'+&c+c"*Q^,...(3), 

where  (3)  is  formed  from  (2)  by  changing  x  into  - ,   and 

multiplying  by  c"''. 
Now  (1)  =  (2)  X  (x  +  c"),  whence,  equating  coeflf,  P„  =  Q„  +  c"Q„^i ; 
and  (l)  =  (3)x(x  +  c), P„  =  c'»0,„  +  c'»Q^,; 

•  •   Qm-l  =  -«  T^S ,  X  -Pml    or  Q„  = 


c"  (c»  -  1)     ""        ^"^     c""*  (c»  -  1)     "**' 
c""'  -  1  c"  -  1 

nr    P        -  ^(^"-^'")    P     _  C-'Cg"""-!)  p    . 

till  at  last  we  come  to  the  factor  Pj,  which 

c"  -  1 

=  c  +  c*  +  &c  +  c"  =  c .  r- ; 

c  -  1 

whence,   (since  c"* .  c"-» .  c"'"* . . .  c  =  ci"''""")  the  Theorem  is 
plainly  demonstrated. 
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344.  db<{--^ycd<{-^y,.:ahcd<{-^.^'. 

.       g  +  t    c  +  rf      /•^(o4-6)ii(c  +  <?)\*     /a  +  b^  +  d^ 

,•.  a5c<Z  <  [ j  5  and  thus,  generally, 

ahcd... ip  factors) <  /«  +  ^  +  «  +  &<   if  ^  =  2". 

__      ,^                       j.^a  +  6  +  c  +  &c(n  terms)     ,        , 
Now  let  «  =  n  +  r,  and  let  ^^ =  k,  and 

let  each  of  the  remaining  r  terms  =  A ;  we  have  then 

fnk  +  rA;\"*' 


aicrf  . ..  (n  factors)  x  A--  <  r    "'^  ^  j     <  k""^, 

,   ,      ,    o   ^     X     ,„/a  +  6+c  +  &c\" 
or  ooco  ...  (»  factors)  <  «  <  I j , 

where  for  a,  6,  c,  &c.  write  o",  6",  c",  &c. 

Hence    1  +  2  +  3  +  &c  +  n,   or  in(»  +  1)  >  «  V(1.2.3  ...  n), 
or  1.2.3...  »<{i(»  +  l)}". 

345.  Chance  for  one  trial  =  J  (*  +  «')  +  2  (^  -<'')  =  *>  chance  for 
two  trials  =  |  (e  +  e')*  +  i  (e  -  e')*  =  e*  +  e'* ;  chance  for 
n  trials  =  i  (e  +  e')"  +  i  (e  -  e')"  =  e"  +  «&c,  and  /.  >  e". 

346.  From  (1)  and  (2), 

(y  -  vxf  +  rx  +  8  =  y*  -  2vyx  +  »*  (y  -  vx)  +  r«  +  »  =  0, 

whence  x  =  ^ ^ —  : 

.«N    .  2tJM  +  tr  -  r 

then  (2)  gives 

(y*  +  t;*y  +  «)*  +  tJ  (y*  +  c*y  +  s)  (2t>y  +  «»  -  r)  =  (2t?y  +  »*  -  r)'  y, 

which  manifestly  wants  the  second  term;  also  coeff.  of  y  =  0 
if  2v*s  +  v""  (»» -  r)  +  2f»«  =  («» -  r)*,  or  rv^  +  4szj»  -  r'  =  0. 

Ex.  Following  the  same  course  as  above,  (or  assuming 
the  above  result  for  x,)  we  shall  have  to  put  3v^  -  8v*  -  9  =  0» 
whence  »  =  3,  and  then  we  shall  get  y*  +  23y*  - 110  =  0,  which 
gives  y;  and  x*  +  3x  =  y. 

347.  Let  P„  =  A^x^  +  &c ;  and  let  k^  be  one  of  the  values  of  ar, 
less  than  n,  which  make  P„  divisible  by  »,  with  a  quo- 
tient Q„,  suppose; 
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.-.  P..-  Q»n  =  A  {{x'^-kn  +  ^  (^r-'- A -•)  +  &c}  =  A,  {x-k,)  P^^ 

suppose.  Now  let  k,  be  another  value  of  x,  less  than  n, 
which  makes  P„  divisible  by  n,  with  quotient  Q^„  suppose; 
then  since  the  left-hand  side  of  the  above,  upon  puttiilg 
kg  for  X,  becomes  div.  by  n,  so  also  will  the  other  side, 
A,  {x  -  Aj)  P„.,.  But  Ag  is  prime  to  »»,  and  A,  and  A,  are 
each  less  than  n,  so  that  A,-/;,  cannot  be  div.  by  n;  .'.  x  =  k^ 
must  render  P^^  divisible  by  n,  or  P„  can  only  be  made 
divisible  by  n  once  more  than  P,^„  viz.  by  putting  x  =  ki: 
and  so  on. 

348.   By  Fermat's  Theorem,  JV"''  -  1  has  n  - 1  values  of  N,  less 
than  n,  which  make  it  a  multiple  of  n ;  but 

iV"-'-  1  =  (iVif"-"+  1)  (iVif"-*'-  1), 

an4,  by  Ex.  347,  neither  of  these  factors  can  have  more 
than  |(n-  1)  such  values,  and  .".  each  of  them  must  have 
exactly  so  many  values :  so  again, 

jVi<-^>  -  1  =  (iV-i'"-'^  +  1)  (iV^"-'J  -  1), 

and  each  of  the  factors  JV*^*"*^±1  must  have  i(»-l) 
such  values;  &c. 

im  +  n 
849.  By  (175)  P  for  p'"g^  =  - — -— :  now  consider  any  one  of 

these  (as  PMi^PPMP)  5  i*  ^  plain  that  p  may  be  introduced 
immediately  before  every  q  and  after  the  last,  and  so  produce 
a  different  result;  but  the  insertion  of  it  elsewhere  would 
only  reproduce  variations  already  formed  j  hence  the  number 
\m  +  n 


required  =  (n  +  1) 


\m  \n 


350.  From  Ex.  349  it  appears  that  the  chance  of  an  event,  whose 
prob.  is  py  happening  altogether  m  +  r  times,  r  of  them  at 
least  successively,  and  failing  n  times,  in  m  +  n  +  r  trials,  is 
|7»  +  n 

where  C„  denotes  the  coeff.  of  p'^q*  in  (p  +  y)"***. 

Now,  in  the  case  before  us,  r  =  6,  jn+»  +  r  =  12;  .•.  m  f  n  =  6. 
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and  since,  in  the  twelve  trials,  tails  may  fall  six,  five,  four, 
&c.  times,  or  not  at  all,  we  must  give  to  n  the  different 
values  6,  5,  4,  3,  2,  1,  0;  and  thus  we  get  the  chance 
=  ;/(7j'  +  G-epg"  +  5.15/?*  +  4.20pY  +  S.lqp'g'  +  2.6/?  +  q*)  =  ^\, 
since  p  =  q  =  I. 

351.  As  in  Ex.  347,  P,„  -  Q„n  =  A,(z-  Jc,)P^^,  or 

=  Q„n  f  AgQ^^n  (x  -  k^)  +  A^Q^^n  {x  -  k^)  (x  -  k^)  +  &c. 

+  A^Q^n {x-k^)  ...{x- k^i)  +  A,(x-k^)...(x-k„): 
but  P„.=  ^oX*"  +  .^jar"-'  4-  A^'"-*  +  &c  +  ^„^,a:  +  J[„ : 

equating  these  values  of  P„„  (and  observing  that  A^,  (x  -  k^) 
...  {X  -  kj  =  A.x""  -  A,S,x"'-'  +  A.S^"-^  -  &c  +  (-  irS„,) 
we  have 

{A,S,^A,)x^-'-{A,S,-A,)x^^^&c±iA,S„,-i-irAJ  = 

an  expressi(jn  in  a;  of  m  - 1  dimensions,  every  term  of  which 

contains  the  factor  n,  so  that  it  may  be  written 

nPjX"^'  +  nB^"^  +  &c  +  nB„ ; 

hence,  equating  coeff',  A^Sy-^A^,  &c,  are  each  divisible  by  «. 

352.  By  Fermat's  Theorem,  a;""'  -  1  has  n  -  1  values  less  than  n, 
which  make  it  divisible  by  n,  viz.  1, 2>  3,  &c  (n  -  1) ;  there- 
fore, since  m  in  Ex.  351  =  here  n  -  1,  and  is  consequently 
even,  AgS„  -  A„  =  1.2.3  ...  («  -  1)  +  1  is  a  multiple  of  n. 
Also  A^S^^  is, a  multiple  of  n  (since  A^y=  0),  which 

=  2.3  ...  (n  -  1)  +  1.3  ...  (»  -  1)  +  1.2.4  ...  (n  -  1)  +  &c. 

=  1.2.3  ...  (n  -  1)  {I  +  i  +  i  +  &c  +-i-}. 

n  -  1 

353.  Putting  q=l  -p,  the  chance  is,  by  Ex.  349, 


n^  "^    '  "  \1  \n-  1 
or  (writing  backwards) 
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354.  A  must  have  left  his  end  somewhere  in  the  first  b  +  c 
minutes,  and  S  must  have  left  his  end  somewhere  in  the 
first  a  +  c  minutes.  Let  us  find  the  chance  that  B  may 
have  reached  A^s  end  before  A  started.  Now  JB  could 
not  have  reached  it  before  the  end  of  the  first  b  minutes, 
and  A  will  have  certainly  left  before  the  beginning  of  the 
last  a  minutes;  so  that  the  event  just  supposed  could  have 
only  happened  by  B  and  A  being  both  at  A's  end,  some- 
where in  the  c  minutes  between  the  first  b  and  last  a  minutes, 

c          c 
the  compound  chance  for  which  is .  ■; ;  but  still  it 

is  equally  likely  that  A  may  have  started  at  any  moment  of 
this  interval,  and  .*.  before  or  after  B  arrives;  henSe  the 
chance  of   ^'s  reaching  A's    end  before  A  leaves  it  is 
c* 

_  7 .  ,, —  ,  =  also  that  of  A's  reaching  B's  end,  before 

2  (o  +  c)  (6  +  c)  " 

e' 
B  leaves  it:  .♦.  chance  of  their  not  meeting:  =  ; ^^ — ? r . 

and  of  their  meeting  =  1  -  . .-.-, r , 

^  (a  +  c)  (6  +  c) 


EQUATION  PAPERS. 


1.  4.  From  (1),  if  z  =  V(a:*  -  15y  -  14),  then  J«  =  Jz«  -  36  +  V  s 

a  perfect  square. 

5.  First  gain  =  500  x  I8d  -  £20  =  350«.      In  second   case,    if 
a:  =  n°  of  gals  of  strong  beer,  then  duty  in  pence 

=  6x  +  i  (500  -x)  =  ^^  \^^^  in  shillings: 
8 

.*.  second  gain  =  500  x  2« =  ^  of  350  by  question. 

o 

6.  X  =  TL°  of  men  at  first;  then  n°  of  rations  at  first 

=  a:  +  («  -  6)  +  &c.  to  8  terms  =  8x  -  168 ; 
and  at  end  of  6th  day  they  had  used 

a:  +  (a;  -  6)  +  &c.  to  6  terms  =  6x  -  90, 
and  had  .*.  remaining  2x  -  78  =  6  x  61  by  question,  whence 
x  =  111.  Now  number  of  men  alive  at  end  of  ^^  day 
=  (a;  -  36)  -  100  =  86 ;  and  6  terms  of  86  +  76  +  &c.  =  366,  the 
n°  of  rations  remainine ;  .*.  they  will  last  6  days,  and  there 
will  be  then  living  26  men. 

7.  Let  a: :  1  =  ratio  of  weights  of  gold  and  alloy  in  the  guinea, 

y  :  1  =  ratio  of  values  of  equal  weights  of  gold  and  alloy : 

^,  x  1         ,      24.    a:         249  1 

then_jxy  +  ^jxl  =  -{^^x  — y+— j}, 

whence  ary  =  239 :  also  by  question 

a:*  +  y»  =  11  (a;  +  y)  +  1^7^^. 


whence  (squaring,  and  by  (85)) 

X     81a:'  +  162xu  +  145y»       ,  , 

-  =       ,  ■■ ^...  ,  "  ,  whence  y  =  |x; 

y  144a:y  +  144y* 

from  (2)  (a:»+y)'-2a;(a:*+y)  +  a:*  =  a:*-a:+y+506,  or  8*  =  «+506. 
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X  X 

5.  Let  «  =  n"  in  armv;  then  -x  =  n°  in  front,  and  .*.  — -  =  n' 

40  10 

of  spectators :  .*.  ar  +  —  =  45  (—  -  100). 

6.  Let  2z  =  n°  of  persons,  y  =  payment  of  youngest ; 

•'•  y  -^{.y  ■^^)^  &c.  to  2x  terms  =  {2y  +  {2x  -  1) 5}  a;  =  345  (l) : 
also  (2y  +  (a;  -  1)  5}  X  ^x  =  sum  of  payments  of  younger  half 
=  22x  (2). 

7.  Let  X  =  common  ratio  per  hr,  y  =  n°  of  hrs  after  A  that  B 
starts:  then,  when  A  passes  either  the  geese  or  -waggon, 
or  when  A  reaches  L,  B  is  xy  miles  distant :  now  rate  of 
approach  of  B  and  the  geese  is  a:  -  f  mUes  per  hr ;  at  which 
rate  the  distance  xy  is  diminished  to  zero,  during  the  time 
in  which  the  geese  advance  5  miles : 

.-.  a;y  :  5  : :  «  -  f  :  f     (1). 

Also  pate  of  approach  of  B  and  the  waggon  is  a:  +  f  miles 

per  hr,  at  which  rate  the  distance  xy  is  diminished  to  zero, 

while  the  waggon  advances  (31+|a:)-(50-2a;)=fa:-19  miles* 

.-.  a:y  :  fa:  -  19  : :  a;  +  f  :  f     (2). 

_.         ,,.            10a; -15     (8a:  -  57)  (4a;  +  9)  „        „. 
From  (1)  xy  =  — ^ =  ^ ^ -'■  from  (2), 

whence  a;  =  9,  y  =  ^,  xy  =  25. 


a.  4.  (1)  cleared  of  fractions  gives 

y*  -  81  =  2a;My  +  9) ;   /.  y  -  9  =  2x*  or  y  +  9  =  0  j 

from  (2)  y-9  =  a:«(Vy-3);  .-.  Vy-3  =  0,  or  v'y  +  3=a;^: 

hence  Vy  -  3  =  0,  y  =  9,  a:  =  0;  or  y  -  9  =  2x^  =  2  (Vy  +  3), 
whence  y  =  25,  x  =  4 ;  &c. 

5.  Let  2x  =  distance  required :  then  x  =  rate  of  sailing  from 

D  to  C :  on  return  voyage,  she  makes  x  miles  at  the  rate 

X  -  6,  and  x  at  x  -  4 ; 

XX  6       2x 

•'•  ^-^Tg  +  ^^4  =  time  on  return  voyage  =  - X  — ^. 

6.  C  the  point  of  junction  of  two  streets  :  CA  =  x,  CD  =  length 

ff  sewer  =y;   AD  =  Q  chains,  BD  =  y  ~\\  chains;   DE 

HO      HT) 
the  drain,  AB  =  4  chains :  then  (Euc.  6.  3)  — —  =  — =  ,  or 

•ail^         /t  If 
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also    9(AC+SC)  =  9{x  +  x^—„—)  =  54:  +  xt/.    (2) 

7.  Let  a;  =  n°  in  family,  y  =  father's  monthly  savings  in  shillingB, 
z  =  common  difference,  p  =  price  of  wheat  per  bushel  at  first : 
then  {2y  -  {x  -\)z]x\x  =  whole  monthly  savings 

=  \p{n{xj-%z)]-^\  =  2p{y-%z)-Zh     (1) 
where  y  -  8s  =  savings  of  7*  child  in  shillings. 

Also  {y  -  23)  +  (y  -  6z)  +  10  =  2p.     (2) 

After  the  rise  of  wheat,  their  savings  will  only  buy  2(y-8z)-2 

bushels;  and  .*.  =  2  (y  -  8z  -  1)  (p  +  2),  which  (by  question) 

=  j^„  (former  annual  saving  -  lOos} 

=  former  monthly  saving  -  8^-  =  2p(y  -  82)  -  12.    (3) 

Lastly,  (x  -  2)  (y  -  22  - 1 )  =  whole  monthly  saving  (after  rise) 

=  2p(y-8a)-12.    (4) 

From  (2)  2y-8z  =  2^-10,  from  (3)  2(y-8s)=^-4,  from 
which  two  equations  we  get  ^  =  82  +  6,  y  =  12z  +  1 ;  putting 
these  values  in  (4),  we  get  z  =  g^  (5a:  -  42) ; 

.\p  =  ii5x-18),  y  =  |(15a;-118),  y-8z  =  42+l  =  i(5a?-34); 
and  thus  from  (1)  we  get 

dx'  -  67x»  -  54a;  +  2240  =  0, 
one  root  of  which  is  a;  =  10,  which  is  easily  found,  since  the 
integer  values  of  x  must  be  factors  of  the  last  term,  and  the 
root  is  plainly  (from  the  question)  >  9. 


.  2.  From  (2)  ^^—^  +  1  =  f ,  or  V(«  -  ar)  =  f  V(y  -  «); 
a  —  X 

.'.  from  (1)  Vy  =  V(y  -  ^)  (1  +  f),  and  -^  =  \',  y  =  ffar, 
which  substitute  in  (1). 
4.  From  (2)  iy*  -  y'x  +  a*  =  x*  -  1,  or  iy*  =  x  +  V(«*  -  1); 
substitute  for  y*  in  (l)j  then 

square,  and  substitute  again  for  y\ 
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ff.  Let  X  =  price  per  bushel  in  shillings,  y  =  n°  of  bushels :  then 
expected  gain  =  3y  -  int.  on  xy  iot  6  months  =  Sy  -  ^oXy' 
and,  by  question, 

y+,'oZy  =  6x(l),    2y^h^  =  {Zy-^^xy)-\0.    (2) 
From  (2)  ^^xy  =  i  (y  -  10)  (3),  by  means  of  which  (1)  gives 
y  =  f  (3x  +  2),  which  substitute  for  y  in  (3). 

6.  Let  a: = n°  of  days  in  length  of  voyage ;  then  x-2\=  expected 
number  of  days,  and  the  n°  of  daily  allowances  of  water 

=175 (j?-21)= (by  question)  30xl75+{172  +  169+&c.to  (z-SO)  terms} 
=  5250  +  i  {344  -  3  («  -  31)}  («  -  30), 
whence  a*  -  69x  -  1580  =  0. 

7.  Let  X  =  horary  influx  at  leak,  y  =  n°  of  gals  in  hold  at  first, 
z  =  n°  of  gals  A  pumps  per  hour :  then  f  x  f  x  2  =  |z  =  n°  5 
pumps.     Now  z  -  x  =  rate  at  which  A  empties  the  hold ; 

•*.  — = —  =  time  during  which  B  pumps ;  and  %z  -  x  =  rate  at 

which  JS  empties:  .'.  (|z  -  x)  x  — ^  =  n"  of  gals  pumped 

z  —  X 

by  B,  and  n"  remaining  in  hold  =  y  {1  -  ^^  ~  ^}  =  ^-7^ — ^ , 

which  A  (his  rate  of  emptying  being  z-x  gals  per  hour) 

•11  .  7z 

will  pump  out  in  — hours. 

6  (s  -  xy 

Hence  -^  +  -J^,  =  ISJ.  whence  y  =  ^^.^'^  -f;    (1) 
z-x     6  (z-x)*         ^'  *        7Z-62;        ^ 

and  (^/^yz  ^  =  3|,  whence  y  =  |  (II2  -  6x) ;     (2) 

also  3J  X  (z)  =  ---p-^— ^  X  (z)  +  100.    (3) 
o  [z  -  xy 

From  (1)  and  (2),  equating  values  of  y,  we  get  z  =  2x;  and 
then  from  (2)  y  =  lOz;  and  then  from  (3)  x  =  120  gals. 


5.  3.  Mult  by  ar*;  then  a:*  +  41  =  97  +  ar^,  or  «*  -  a;*  -  56  =  0. 

4.  From  (1)  {z*y*  -  272)  +  2y  ^{a?f  -  272)  +  y»=  81y*,  whenpe 
V(x*y»  -  272)  =  Sy  or  -  lOi/: 
from   (2)  ofx^  -  Zoxy  -  36  =  0,  whence  *y  =  36  or  -  ]. 

d 
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5.  Let  X  =  ^'s  age  by  Jan.  1,  1799;  then 

{a;  Ka;+l)+&c  to  8  terms}x4(Z=(2a:+7)4x4rf=(by  question)  47ox4<f} 
.-.  2a;  +  7  =  119. 

6.  Let  X  -  price  of  each  canal  share :  then  5a;  +  595  =  profits 
of  all,  and  ^^  (oa;  +  595)  =  ^  (a;  +  119)  =  profits  of  each: 
•'•  3  (*  +  119)  -  173  =  price  of  steam-boat  share,  and  ^'s  loss 
=  M  (x  +  119)  -  173}  +  i  (a;  +  119)  +  ^  of  368  =  419, 

7.  Let  X  =  width  of  ^'s  and  ^'s  larger,  y  of  their  smaller 
buildings :  then  x^  +  y^  =  content  of  ^'s,  a^  +  x*y  =  content  of 
JB's,  &ndL  3?y-f  =  y  (a;*  -f)  =  73728 :    (1) 

also  a?-f  =  area  of  base  of  C's  =  2688  -  8  ^f^a?  -  f).   (2) 
From  (2)  ^/(^3^ -  y')  =  48  =  side  of  C's;  from  (1)  y  =  32. 


6.  3.  Divide  every  term  by  x'" ;  then 

m-n  ,     »i-t» 

aWx"'"  -  4(a6)*»*"*"  -  (o  -  6)*  =  0, 

whence  a;*""'  =  ±  | —  ±  -r ) ,   and  a;  =  (a'S  ±  6-i)"-». 
Wo     V*/ 

4.  From  (1)  ar«  -  2a:»/  +  /  =  1  +  2a:y  +  a;*y ; 

.*.  a;*  -  y*  =  1  +  xy,  or  a?  -  xy  =  y*  +  1;     (a) 
.-.  (2)  {x  +  y)  i3^-xy  +  f)  =  ix  +  y)  (2y'+  1)  =  (2^+1)  (a;+  1), 
•whence  2?/' +  1  =  0,  and  also  a;  +  y  =  «+l,  or  y=l,  whence 
(o)  a;*  -  a;  =  2. 
6.  Let  X  =  rate  backwards,  4a;  =  rate  forwards ;  then,  calling  the 
distance  unity  (93  Ex.  5),  we  have  calculated  time 

=  ^4=1^'=^^^°  -4/72^  ^'  ^y  'l"^^*^"" 
6.  Let  100a;  =  debt,  r  =  rate  of  int.  per  cent;  y  =  price  per  cent 
of  bonds  at  first ;  then  ^rx  =  n°  of  cents  of  Spanish  bonds, 
and  their  produce,  when  sold  at  the  end  of  the  year,  (their 
int.  having  paid  also  the  int.  of  the  debt,) 

=  ira;(y- 40)  =  100a; -400;     (1) 
.    also     ira;(y)  =  100a; +  250;     (2) 
\rx  (50)  =  (debt  +  half-year's  Int.)  -  300  =  100a;  +  irx  -  300.   (3) 
From  (1)  and  (2)  8ra;  =  650;  from  (3)  ix^fax50  =  100a;+if*-300 
whence  100a;  =  ^l^  =  £1071  17s  6d. 
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7.  Let  ar  =  n°  of  convicts  at  first :  then  {p  -  1)  nax  =  expected 
gain :  but  actual  expense  of  each  man  for  n  weeks 

o  {(1  +  r)  +  (1  +  r  +  r*)  +  &c}  =  a  ^ —  ^         •'     ^ 


n  -  r 


1-r 
1-r" 


=  «  -~±LL=  ^^{»(1 -r) -r(l -r")}. 

Also  that  of  fresh  convicts  (since  c  of  them  will  have  to 
be  fed  for  (n-1)  weeks,  c  for  (n-2)  A\-eeks,  &c,  that  is, 
c  will  require  the  food  for  the  (n  -  ly^  week,  2c  for  the 
(n  -  2)ti»  week,  &c,)  will  be 

acC^  +  2  i-^  +  &c}  =  -— -  {(1  +  2  +  &C)  -  (r«  +  2r»-n &c)} 

ae  r         f^  (1  -  r""M 

=  l^[in(«-l)-{(n-l)^--^-     ^\_^).}]    [184] 

""      .  {|n(n  -  1)  (1  -  r)*  -  r  {n  (1  -  r)  -  (1  -  r")}; 


(l-r)« 

and  their  produce  =  pac  (1  +  2  +  3  +  &c)  =  ln(n  -  1)  pac : 
.'.  (by  question) 

cue 
(p  -  1)  nax  =pnax  +  ln{n-  1)  pac  -  f-.-^^^  {« (1  -  r)  -  r  (1  -  r")} 

'"'      {|n(n-l)(l-r)*-r{n(l-r)-(l-r'')}; 


(1  -  r)» 
'-'  l^A«a-r)-ril-n-nil-ry}  or  ^^{nil-r)-il.r^)} 

"''.  c      r       nin-l)(l-ry{pir-l)-in 

••         l-rl  2r{«(l-r)-(l-r'')}       J* 


7.  3.  Multiply  by  50 :  then 

480-75Vg-503;  232  +  80  Va;  -  50x  ^  592  Vz  -  40  j 

5V^-8         "^  6VX-8  4^^7       ' 

232         ,   .  in,    522  4  9Va: 

or  -10 V«+  T-, — o  =  V«(-l^+  i — s).  whence  ^—  —  •=  -^  . 
*       b'\Jx-o  4z-7  o^x-%     4a;-7 

whence  V^-v|  =  x-v|  (3).    or=v|(4): 

d2 
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From  (2),  (mult,  by  2  V(^y))  we  get 

18a;  +  6y  =  {21  V(2x)  -  1}  y  +  1, 

or  {21  V(2x)  -  7}  y  =  7  {3  V{2x)  -  1}  y  =  18;c  -  2 

=  {3V(2x)+l}{3{V(2x)-l}j 

.-,  3V(2a:)-l=0,    x=^\: 

to  find  y,  substitute  for  x  in  (3)  and  (4). 

Also  7y  =  3  V(2^)  +  1»  which,  put  for  y  in  (4),  gives  values 

of  X :  but  (3)  would  become  complicated  by  this  substitution. 

6.  Let  X  =  n°  of  bags  purchased;  .*.  a;  +  18  =  n°  intended,  and 

f  («  +  18)  =  money  sent  in  £'s,  and  -  .  =  price  given 

per  bag :   .'.  (by  question) 

{5i  +  i(a:  +  18)}{|.^-?}  =  10/o. 

0X0 

6.  Let  X  and  y  be  the  rates  per  hour  of  A  and  B,  z  the 

distance  CD :  then  A  had  gone  s  -  20  miles,  and  B  20  miles 

•when  they  first  met; 

z-20     _     20  ,,.  -  20     z-20     ,    ,„. 

.♦.—;-=  3 +  -   (1),    and-  =  — —--1   (2): 
X  y  X         y 

also  A  had  to  go  fz,  and  B  \z,  when  they  next  met; 

6z      z  28 

7a;     7y  y    ^  ' 

From  (1),  f  =  3  +  20  (U  J)  (4),  from  (2),  ^  =  1  +  20  (1  +  J)  (5); 
X  X     y  y  X     y 

.•.-'  =  2ff,   and  (3)    ^2  +  ?)  =  f  +  3  +  ??  , 
X         y  T^      y'     1y  y 

z     9      196     ,      20     20  „         ,,,         y     y  +  24 
whence  -  =  -+-— -  =  1  +  —  +  —  from  (5);  .-.  ^  =  "  -.     ; 
y     5      by  x       y  ^  '         x        2o 

3  +  20(-4--)      3y  +  20?^  +  20 
,  (4)     .        y  ^a;     V  x 

^^^  *      l  +  20(i+i)       y  +  20?^  +  20 

X     y         "  X 

where  substituting  for  -  we  get  finally  9y*  -  63y  -  196  =  0 
where  y  =  ^. 

7.  Let  X  =  lowest  debt,  y  =  common  diff.,  n  =  n°  of  creditors : 
then  simi  of  debts  =  {2«  +  (n  -  1)  y)  f  n,  and  .'.  assets 

=  i,«y  {2a;  +  (»  -  1)  y}  =  2«  +  (n  +  1)  y ;    (1) 
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also,  when  the  highest  claim  is  removed,  sum  of  debts 
=  {2x+(n-2)y}i(n-l); 

.-.  dividend  =  ^?!^ 2x  +  in  +  l)!, ^y+i=.  ^2^;  (2) 

debts      {2a:  +  (n-2)y}A(»-l)       20  60    '  ^   '' 

and  I  {2x  +  (»  -  2)y}  =  192  (3),  whence  2a:  +  (n  -  2)  y  =  72  ; 
.-.  (1)  gives   i  ny  (y  +  72)  =  3y  +  72,  or        «  =  ^(^^^"73)^ » 

,  ,_-    .  3y  +  7^  3y  +  8  ,      5  (y  +  24) 

""^  (2)  ^'"'  72xi(n-l)  =  -V'  °^  "  -  ^  =  -3yT8     ' 
120(y  +  24)      5  (y  +  24) 
•■•      "    y(y  +  72)    ~      3y  +  8     ' 

whence  y»  +  43y*  =  48y  +  2880,    or  y*  -  2y  -  48y  =  2880  -  4  5y*, 
that  is,  (y  +  6)  (y  -  8)  =  45  (64  -  y*),   whence  y  =  8. 


\x  -yl  x-y  X     9 

3.  Divide  each  term  by  a;''j  then 

^  =  2^6^)  (^  +  *^)'   °'  '  =  2^^)  ^^  +  "*)'  '"PP°'"' 

,  0+6        a -h 

whence  z  = r  or ^  . 

a -0       c  +  0 

4.  From(l)  (fa:«-2y  +  8)  f  2xV(fx'- 2y  +  8)  +  a:*  =  fa:*  +  6a:  +  4; 
.'.  V(fa:»-2y  +  8)  =  -a:  +  (fx  +  2)  =  2  +  ^x,  whence  y  =  ix* -  a;  +  2 :  (3) 

from  (2)  (x  +  y)  -  (fa:*  -  3y)  V(a:  +  y)  =  4x*  -  6a:; 
.-.  by  (3)  {x^y")-  (3x -  6)  V(a:  +  y)  +  (fa; - 3)»  =  ^a;* -  15a;  +  9 ; 
.*.  V(«  +  y)  =  i\^  -  3)  ±  (fa:  -  3)  =  4a:  -  6  or  -  x, 
and  y  =  16a:*  -  49x  +  36,  (4)     or  y  =  a:*  -  x;  (5) 
obtain  the  roots  by  comparing  (3)  and  (4),  or  (3)  and  (5). 

5.  Let  X  =  exp.,  of  which  ^x  =  taxes ;  then  Is'  year's  produce 
=  X  +  30 ;  but  2n<i  year's  rent  =  £40,  taxes  =  i\x,  produce 
=  I  (x  +  30),  and  other  exp.  =  (as  before)  gX ; 

.-.  I  (X  H  30)  =  (|x  t  ,'„x  +  40)  +  20  i  5. 
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6.  Let  2x  =  whole  distance,  r/  =  B's  rate,  z  =  C's :  then,  when 
A  and  B   meet,  they  will  have  done   between  them  the 

distance  a;  at  a  compound  rate  10  +  w :  .*.  time  = -— ,  and 

lOx  ^^^^ 

dist.  from  N  = ^~  :  hence  time  at  which  C  overtakes  B 

y  +  10 

=  — TK  +  4  ;  and  .•.,  since  x  =  dist.  between  B  and  C  at  first, 
y  +  10       ' 

which  is  diminished  at  the  rate  z  -  y,  we  have 

(yflO^*n^-^)  =  ^-     (^> 

Again,   dist.  jfrom  N  at  which  A  and  B  meet  on  return 

10a; 
= —  :  .*.  (leaving  out  the  common  time  of  resting)  A  had 

lOx                                                      10a: 
gone  2ar  +  {2x — ^)  miles  while  B  had  gone  x  + r^ ; 

.  10a:  lOx  ,»  ,„. 

.-.  4x -:  -  :  X  +  —-y^  ::  10  :  y,     (2) 

y  +  10  y  +  10 

4a;         X 
and  time  spent  in  this  travelling  =  — — rrr ;    .'.  time 

±\)        y  "r  lU 

spent  in  travelling,  when  A  and  C  meet,  is  — r — r  -  1 , 

10     y  +  10 

in  which  time  they  will  have  gone  together  6a;  miles  at 

rate  10  +  z ; 

•■•(i?-jrrio-^H^^^«)  =  «^-  (^> 

From  (2)   bx  : —  : :  10  +  y  :  4y  -  10,  whence  y  =  5 : 

from    (1)   z-5  =  -^^,  from  (3)    s+10=i^. 
^  '  a;  +  bO  a;-3 

7.  Let  4a;,  21a;  be  quantities  of  fluid  at  first  in  P  and  Q: 

^  :  1  the  ratio  of  PT  to  ^S  in  P,  j :  1  in  Q : 

...i^=TrinP,i^=^inP,-^'^^  =  ^rinQ,  ^=>SinQi 

J9  +  1  ^+1  y  +  1  J+l 

.-.  Strength  of  P  =  .-fe- x  1  +  ^  x  3)  +  4a;  =  -P— f  =:  o, 

strength  of  Q  =  ^ — ,  =  6: 
y  +  1 
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Let  Axy  =  quantity  pumped  by  A;  then  3x(l  -y)  =  do.  by  B ; 
.'.  quantity  now  in  Q  =  a;  (y  +  24),  and  strength  of  Q 

21x6  +  a;(y  +  3)a     o  (y  +  3)  4  216  ^12..     ... 
a:(y  +  24)        ''         y  +  24  13    "     '"' 

on  second  supposition,  when  A  stopped,  P  contains  4a:(l-y) 

and  Q  a;(21+4y),  the  latter  of  strength    -— — --^  =  c; 

^x  "f"  4y 

hence,  if  B  pumps  out  of  Q  into  P  as  much  as  before, 

namely,  3a:(l-y),  P  will  contain  7x(l-y)  and  be  of  strength 

'"i\r4r'"°°^°vw  (2) 

Again,  ratio  of  Wio  S  in  mixture  now  pumped  by  5  =  ratio 
of  "S  to  TF  in  former  case,  since  he  pumped  the  same  quan- 
tity in  each  case.  Now,  generally,  if  s  be  the  strength  of 
a  mixture  consisting  of  u  parts  of  wine  and  o  of  spirits, 

«  +  3»  M     s  -  3 

we  have  «  = ,  or  -  = : 

«  +  »  V      \- s 

hence  :; = ,    or  o  +  c  =  4.     (3) 

1  —  c     a  —  6 

Also  "  =  "2fT47  '  ^^^''''^ 

21    b-c     21    a  +  6-4       ,      3(13fl-5&)-       ,,,      ,., 

^  =  4  •  ^  =  ¥  •  -2^a-  =  "^^°     126^30^  ^°"^  (^^'    ^^^ 

and  (2)  with  (3)  gives  a  +  12  =  7  V(«*)>  whence,  putting 

o  =  nra,  we  get  a  = 


7m -1 
substituting  the  value  for  a  in  (4),  we  get  (upon  reduction) 

4  (13  -  5m')  (m  -  1)  =  (3m«  -  7m  +  4)  (12m*  -  13) 
=  (3m  -  4)  (m  -  1)  (12m*  -  13); 
whence  m  =  1,  and  52  -  20m*  =  36m'  -  48m*  -  39m  +  52, 
whence  m  =  0,  or  f,  or  -  Jf,  of  which,  taking  m  =  |,  we 
,  3(13-5m*)     3        ^^         .  .     ^  4v         4 

^*^^  y  =  T2^?ri3- =  8 '  •••  ^" '^^'^ ''"^""^"'^  °"  3(lt7)  ^  5  • 


9.  3.  Expanding  (xi  -  1)*  and  reducing,  we  have 

(a*"*  -  l)a;  -  2(o«"*  +  l)x4  +  (a*"  -  1)  =  0, 

1     («*•"  + 1)  ±  2o""     a*'"  +  l 

whence  afi  =  ^^ — z =    „,  _  ^  . 

o«"»  -  1  a*""  +  1 


^ 
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4.  From  (2),  f  -.   ^  -      )   "^^. 

=  by  (1)  ^  {2x  +  V(^-y*)}  {^"^"^f"^^}  =  ^  (Sor'  +  J^'); 
.-.  3x*y  +  y»  =  252,     (3) 
and,  by  squaring  (2),  ar"  +  3a;y*  +  (x»  -  y')^  =  324 :    (4) 
(4)  +  (3)  gives  (x  +  yf  =  676  -{2^-  y»)t, 
(4)  -  (3)  gives  (x  -  y)»  =  72  -  (x*  -  j/*)t; 
.-.  (a:»  -  i^f  =  41472  -  648  (x*  -  y»)5  +  (a»  -  y«)», 
whence  («•  -  j/*)*  =  64,  and  .-.  (x  +  y)*  =  512,    (a:  -  y)»  =  8. 

5.  Let  X  =  drain  on  B ;    .*.  3x  =  his  capital ;  y  =  drain  at  first 
on  A ;  .*.  3y  +  2  (3y)  or  9y  =  his  capital : 

hence  3a;  +  9y  =  7  (a;  +  y),  (1),    and  4a:  =  4000.  (2) 

6.  Let  X  =  charge  per  annum  for  large  burner,  y  for  small  one : 

then  5a;  +  3y  =  a:  +  8y :    (1) 
and  i  (a;  +  8y)  =  additional  charge  on  these  for  extra  time, 
since  they  burn   now  ^   of   their  former  time;    also  ^y 
=  annual  charge  on  each  of  the  additional  burners ; 

.-.  i(^  +  8y)+i(2y)  =  31,     (2) 
and  whole  annual  charge  =  i  (x  +  lOy). 

7.  Let  2a;  =  distance  required,  y  =  rate  at  first,  z  hrs  =  gain  of 
watch  per  hour ;  then,  by  question, 

-+^  =  8f,    (1) 

X 

whence  -  =  5,  and  .'.  5  hrs  =  time  of  half  distance. 

y 

Now  in  5  hrs  the  watch  gains  5z  hrs,  and  he  thinks  he  has 

only  4  -  5z  hrs  remaining  to  go  x  miles,  which  he  expects 

to  do  at  his  increased  rate,  f  y; 

.-.  x  =  (4-5z)x|y.    (2) 

On  second  supposition,  at  end  of  14^11  mile,  he  will  have 

14  *       14 

taken  really  —  hrs,  apparently  —  (1-z)  hrs;  .*.  by  question. 

From  (3)  y  =  120z,  from  (1)  and  (2);  y  =  6j  .-.  2x  =  60. 
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„   ^   243 .324  V(3x)  ^     81  V3  (4  y.  W3)  3 .  , 

16a; -3  (4  V«  +  V^)  (4  V^  -  V^) 

.-.  81  V3  =  (4  V*  -  V3)',  or  3  V3  =  4  V«  -  V3,  whence  a:  =  3  ; 
and  the  factor  4  V«  +  V3  =  0  gives  z  =  ^q. 

4.  From  (1)  (3y*-ll  +  2x)  +  2 V(3t/*-ll  +  2a;)  +  l  =»/»  +  4y  +  4; 
.*.  V(%*-ll  +  2a;)=-l+y-f2  =  y  +  l,  whence  a:  =  6+y-y*: 

.-.  (2)  gives  V(y»  +  2y  4- 1)  or  y  +  1  =  ^^q^~J\ 
whence  y  =  0  or  ±  2. 

5.  Let  X,  y  be  nos  in  bags,  z  =  vP  in  handful : 

then  X  -  z  =  {y  -  zY  =  :?,    and  y  -  z  =  s': 
also  (y-  z)*  =  n°  left  in  the  larger  after  second  drawing; 
.'.  (y  -^  z)*  +  (y  -  a)  =  f  y,  or  Z''  +  a'  =  a  (g  +  gS)^  whence 
3z»-5z5-2  =  0   and  z^  =2,  or  z  =  8,  y  =  z  +  z3  =  12,  a;  =  z  +  z*  =  72. 

6.  Let  a:=dist.  from  A  to  B,  y= waterman's  rate  without  stream; 

X  a;    _  2a;     39  x  a;     _  2a;      8 

„         ...         32a;  13  32a;  1 

^'^^'^  (^)  ^KT^ne)  =  20  •    ^''"^  (2)  jr(9y^^^^  =  20 ' 

.•.-L__=i3,  andy  =  6. 

7.  Let  a;  =  n°  of  yds  done  by  A,  y  by  B ;  a  =  n"  of  yds  done 

X       .  y 

by  A  in  a  month,  6  by  B :  then  -  =  time  taken  by  A,  ^ 

by  B,  and  1  =  time  they  would  have  taken  together 

for  it: 

.-.  r  (x  +  y)  =  3a,    -^  (a;  +  y)  =  126  =  a;  +  36j 

hence  3a*  =  126',  or  a  =  26: 

.:  x  +  y^  '^"^\^^^  =  9a,    and  a;  +  36  =  126  =  6a; 
0 

.•.  y  -  36  =  3a,  and  A's  time  or  -  = ,  B's  time  or 
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I  =  ,  of  which  the  latter  is  greater;  therefore,  by 

first  part  of  question, 

4    6«  +  72     x^y     9o     „ 

o         a  a  +  6     fa 

■whence  a  =  48,  and  x  +  y  =  9a  =  432. 


11.  2.  From  (1)  c(ai/+bx)=xy(x+t/);  from(2)  xi/{c(ay+lx)-cxi/} 
=  xy  {xy  («  +  y)  -  cxy}  =  xY  (x  +  y  -  c)  =  aftc*  (a:  +  y  -  c) ; 
.•.  ar*y*  =  abcf,  (3)    or  a:  +  y  =  c :  (4) 
from  (1 )  and  (3)  ay  +  6a?  =  \/{ah)  {x  +  y ),  or  y'^a  =  X'Jb; 

.-.  (3)  x  =  +  \/iac),  y  =  ±  ^(bc) : 

bx 
from  (1)  and  (4)  ay  +  bx  =  xy,  whence  (4)  x  + =  c. 

3.  (a:»  +  2)*  +  ,i  =  (2a:*  +  3)  V(a^  +  2)  =  2  (««  +  2f  -  V(a^+  2): 
.-.  (0*+ 2^-2(3*+  2)*  +  (««+  2)  =  (a:*  +  2)  -  V(x*  +  2)  -  ,^e, 
or  z*  -  z  +  ^a  =  0,  if  z  =  (z*  +  2)  -  V(a;'  +  2). 

4.  From  (2)  (x^  +  y^  {3a:*yl  +  /i  ^(a;?  +  y')}  =  i^  _  a:^  _  y«, 

or  (a:*  +  3a;5y§  +  3*3  y*  +  f)  +  ,Ye  (a;^  +  y^)^  =  iff, 

or  216z*  +  91«  -  125  =  0,    if  z  =  (x^  +  ySf, 

it 
whence  x^  +  y^  =  |  f  or  1 : 

using  the  first  of  these  in  (1),  we  get 

0  =  48xy-  241a;'y*  +  25  =  48a;3y3  (x^y3  _  5)  _  (x^y*  -  25) 

=  (ar^y^  -  5)  (48a:*y5  -  x^y^  -  5)  ;    .--  ar^y^  =5,  h  or  -  ^% : 

i  1  ?         i   i       a  1        i 

With  ar^ys  =  i,  we  have  a;»  ±  2a;»y^  +  y'  =  f f  ±  l>  or  a;^  +  y^  =  &c. 

5.  Let  a;  be  the  hour,  and  .'.  (x-1)  =  n°  of  seconds  taken  by 
the  fastest  clock,  A,  in  striking:  then  3(a:-l)-2  =  n°  of 
seconds  B  has  been  striking,  and  since  the  last  stroke  of  A 
coincides  with  one  of  ^'s,  3 (x-1) -2  or  3a; -5  must  be 
a  multiple  of  4;  .'.a:  may  be  3,  7,  or  11.  Now,  if  all  the 
strokes  had  been  heard,  the  n°  heard  would  have  been  2a; ; 
and,  consequently,  since  the  n°  actually  heard  is  19,  it  is 
plain  that  x  cannot  be  3  or  7,  but  must  be  11. 


On  consideration,  it  will  be  found  that  the  above  figure 
represents  the  problem,  C  and  S  being  the  positions  of 
Cutter  and  Smuggler  at  starting,  CTF"  the  direction  of  wind, 
L  A  CC  =  o^  points  =  60°,  (since  the  4  right  angles  are 
divided  on  the  compass  in  32  points,)  L  aSS',  on  the 
other  tack,  =  2f  points  =  30°,  CA,  Sa  the  first  half  tacks, 
AS,  JBC,  &c,  ab,  be,  &c,  the  successive  tacks:  then  since 
^5  :  a&  : :  4p  :  ij>  V3  : :  4  V3  :  1  : :  rate  of  iS  :  rate  of  C,  it 
appears  that  they  will  begin  and  end  each  tack  together, 
and  also  be  in  the  line  of  the  wind's  action,  SCW,  together. 
Hence  if  n  be  the  number  of  tacks  required,  we  shall  have 
distance  between  the  vessels  = 

3g  -  «  (4p  cos  60°-  ii>  V3-  cos  30°)  =  Sg- - fnp  =  r ;  whence  n. 

7.  Let  X  =  length  of  levels  at  first  irruption,  y  =  do.  at  second ; 
z  =  breadth  =  height :  then  2z  =  side  of  shaft,  and  5z  =  height, 
2xz  +  42*  =  2z  (a;  +  2z)  =  area  of  horizontal  section  of  whole 
tunnel  at  first  irruption,  2z  (y  +  2z)  =  ditto  at  second, 
2a:z*  +  20z'  =  2z*  {x  +  lOz)  =  vol.  of  tunnel  at  first  irruption, 
2s* (y  +  lOz)  at  second:  let  «,  v  be  the  volumes  of  water 
in  cubic  feet,  entering  per  minute  in  first  and  second  ir- 
ruptions: then  rate  at  which  it  rose  at  first  in  the  shaft 
(that  is,  after  the  levels  were  filled)  was 

11  _        8p  «_    16z        ... 

4z*~2z*(y  +  2z)'    °'  v~  yT2z'    ^' 

Also  the  tluree  rates, 


2z(«  +  2z)'     22(y  +  2z)'    2z(y  +  110  +  2z)* 
form  an  A.  p.  whose  common  difference  is  -^r^:^  ; 
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tt  V  V  -u 


"  2z  (a:  -1-  2z)     2z  (y  +  2z)      36z*  ' 
V  V  V  -u 


(2) 
(3) 


2z  (y  +  2z)      2z  (y  +  110  +  2z)      36z* ' 

Again,  time  of  filling  in  first  irruption  was 

2z*(x  +  10z)      2  ,2z*  (w  +  lOz),  , 

—^ =  3  {—^ 1  by  question  j    (4) 

and,  by  the  last  datum, 

2z'(a:  +  10z)     2z*(y  +  10z)     ^^^ 

By  means  of  (1),  eliminate  u  and  c  from  (2),  by  writing  for 
them  the  proportional  quantities  16z  and  y  +  2z;  then 
8  1  _  y  -  14z  14z-a;  _  y  -  14z 


similarly,  (3)  gives 

y  +  2z  y  -  14z  110  y  -  14z 


(a) 


2z  (y  +  110  +  2i5)        36z*    '  y  +  110  +  2z         18« 

from  (4)  we  get     x  +  lOz  =  f  (y  +  lOz) ;    (7) 

,♦.  -  =  -^~- ,  whence  by  [27]  we  get  in  (o) 

z  3z 

42z-(2y-10z)        263  -  y     y  -  14z       ,  .^ 

-7-. V^-^ — w-  or -^  =  '^— -r — ,  whence  y  =  20z: 

(2y-10z)  +  6z  y-2z  18z     '  ^  ' 

.'.  (/3)  gives  z  =  10,    y  =  200,    and  (7)  a;  =  100; 

hence  (1)  gives  u  =  i\»,    and  (5)  v  =  500 ; 

.*.  the  second  time  of  filhng  =  — ^ '-  =  120'  =  2  hrs. 


r 
12.  3.  By  (85)  ^J-l  =  ^:js;  =  a^^"""'*'*'""  =  ar^""')*. 
o*-l 
4.  From  (2)    ary  +  10  V(a:y)  +  25  =  16  (y  +  2), 

or  ^(xy)  4-5  =  4  ■^(t/  +  2)  =  4z  suppose : 
whence  i^x*  -  a;  +  Jg^  =  9z»  -  26z  +  if*,  or  fa:  -  f  =  3z  -  \^; 

.-.  z  =  ix  +  1  =  V(y  +  2),  and  y  =  e\a;*  +  Jar  -  1  ; 
also  Y'(-cy)=4z-5  =  |«-9,  or  (ia;-9)*-xy=«(/4X*+ jx-1). 
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6.  Let  X  =  first  majority;  .'.  600  -  x  =  minority,  and  the 
question  was  lost  by  a;  -  (600  -  x)  =  2x  -  600 :  afterwards 
it  was  carried  by  4x  -  1200; 

.-.  new  minority  =  ^  {600  -  (4a;  -  1200)}  =  900  -  2a?, 
and  new  majority  =  600  -  (900  -  2a:)  =  2a;  -  300 : 

hence  2a; -300  :  a: : :  8  :  7,  whence  a; =350,  who  voted  against 
it  the  first  time,  and  900  -2x  =  200,  who  voted  against  it 
the  second  time. 

6.  AB  =  X,  BC=y,  s  =  rate  of  pedestrian,  Sz  of  coach :  then 

X^     =V(^±yl)^2|;      (1) 

z  z 

now  he  has  gone  a;  4  8  miles  when  the  coach  overtakes 

a  +  8 
him,  and  for  this  he  took    hours:    .'.  the  coach 

z 

a;  -f  8  aj  +  8 

took 4  hours,   and  .•.  3z  ( 4)  =  a;  +  8 :    (2) 

z  ^    z  ' 

also  the  coach,  starting  4  hours  after  him,  does  the  whole 
circuit  twice  over,  besides  resting  6f  hours,  while  the  man 
does  it  once  and  rests  4  hours ; 

■  41  2{a;  +  y  +  V(a;'  +  y«)}  ,  gg  ^  ^  +  y  + V(^+y*)  ,  i.     (3) 

From  (3)  a;+y+V(«*4y*)=20z,  from  (1)  a;+y-V(«*+y*)=|zj 

.-.  x^y  =  %H,  V(«*  +  y*)  =  ¥2. 

,        a:  +  «         17        ,  y     12 

*^^      ,/_»       ix  =  T-o »    "whence  -  =  —  . 

(We  take  this  value,  and  not  ^\  ,  because  AB  is  given  <BC,) 

x  +  y     17=342 

.'. = »       and  X  =  ^M : 

a;         5   3a;  " 

substitute  this  value  for  x  in  (2). 

7.  Let  X,  y,  2  be  the  weights  of  A,  B,  D  in  carats  when 
rough;  .'.  \x,  \y,  are  the  weights  of  dust  from  A  and  Bi 
hence  a;  -  52  =  value  of  C  in  £'s,  and  therefore 

C's  weight :  1  : :  V(ar  -  52)  :  V2 ; 
hence  C's  weight  =^{\x  -  26),  and  {x  -  52)  +  2z*=  y.  (1 
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Also  value  of  dust  from  A  and  J?  =  ^  (ar  ■}-  y)  =  85 ;     (2) 
and     3x*:3(ix-26)f3s'  +  Ax::|j/*:|3/::3y:l.    (3) 
From  (1)   y-a;  =  23«-52,    from  (2)  y  +  a;  =  170; 
.-.  a:=lll-z»,  y  =  59  +  s«: 
simplify  (3),  and  substitute  for  x  and  y  in  it. 


13.  3.  «*  -  2a:*  -  8a:^  4  16  =  7z,  or  (a:*i2a:«  +  a;)  -  8  (ar-  a; ^  16  =  16a;i- 
.••  («  -  a:*)  -  4  =  4x',   or  4  (a:*  +  1)  =  a:*  (x*  -  1) ; 
.'.  a;*  +  1  =  0   and  a;  =  1 ;    or  4  =  a:*  (a:<  -  1), 
that  is,  {x^  -  2)  {oh  +  a:*  +  2)  =  0,  &c. 

i  12         1 

4.  From  (1)  a*y+a:y*+iy'=ay+4a;*y+4,  or  a:y* +f^y*  =  a;«y +  2, 

whence  ar«y*  (x*  -  y^)  =  2  -  |y^  =  a^  -  3  by  (2) : 
hence  a;*  -  y*  =  5  -  |y*,   and  x'^-y'^-  3x*  y*  {x*  -  y*) 
=  (5  -  |y^)  -  3(2  -  iy'),   or  (x^  -  y?)'  =  _  1 ; 
.'.  a;*  -  y*  =  -  1,  whence  (2)  becomes  a;"^  -  3  =  -  a:'y^  =  -  x  -  a;* 

3  1  I 

or  X*  +  a;  +  X*  =  3,  which  has  manifestly  one  solution,  x^  =  1 
.-.  y*  =  x«  +  1  =  2. 

5.  Let  X  =  length  of  course  in  yards ;  then  x  -  2  =  n°  of  yards 
A  has  gone  (uniformly)  in  6',  and  .*.  |(x  -  2)  =  A's  rate 
per  minute :  hence  in  4'  A  wiU  have  gone  f  (x  -  2)  and 
B  f  (X  -  2)  -  :f  1  oX,  and  .-.  B's  first  rate  =  i  {f  (x  -  2)  -  ^^x}, 
at  which  rate  B  goes  for  5',  but  in  the  last  minute  makes 
this  and  20  yards  more : 

•'•  f  (I  (^  -  2)  -  4i o^}  +  20  =  whole  course  =  x. 

Otherwise :  let  x,  y  be  A's  and  B's  rates  per  minute  at  first| 
then  length  of  course  =  6x  +  2  : 
and4(x-y)=7io(6x+2),  (1)  and  5y  +  (y+20)  =  (6x+2).  (2) 

6.  Let  X  =  revenue  before  increase,  m^/x^  expense  of  collect- 
ing, y  =  interest  of  debt :  then  f  x  =  increased  revenue ;  and 
net  income  =  |x  -  (f  w  ^/x  ■{■  y)  =  %^  {x  -  (m  -Jx  -r  y)}:  (1) 
also  ^gX  =  reduced  income,  and 

A*  -  (f  w»  V«  +  y)  =  2^3  {x  -  {m  Vx  +  y)}  =  4.    (2)  and  (3) 
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From  (1)  and  (3),  eliminating  m  V«,  we  get  3a:  +  2y  =  248> 
from  (2)  and  (3),  3a:  +  4y  =  304,  whence  2y  =  66,  and 
as  =  64  (millions). 

X  =  A's  or  C's  n°  of  strokes  per  minute  at  starting,  y  =  n°  of 
yards  in  6ach  of  C's,  y  +  1  of  A's :  .*.  |a:  =  n"  of  strokes 
made  by  B,  and  if  z  =  n°  of  yards  in  each  stroke,  then 
their  velocities  at  starting  are  as  a:  (y  +  1),  |a;z,  xy,  or  as 
6(y  +  l),  7s,  6y,  respectively. 

Now  when  A  has  made  42  strokes,  B  has  made  49,  whose 
lengths  form  the  A.  p.  s,  a  +  i\,  &c,  whose  sum  =  49  (a  +  2), 
the  last  term  being  s  +  4;  and  now  he  has  gained  19  yards 
upon  A,  (who  will  have  made  42  (y  +  1)  yards)  besides 
having  lost  16  yards  by  steering: 

hence  49  (s  +  2)  =42  (y  +  1)  + 19  +  16,  or  7z  +  3  =  6y.   (1) 

In  this  time  C  has  made  42  yards  less  than  A,  and  .*.  will 
have  lost  42  +  19  =  61  yards  upon  B,  and,  having  been 
at  first  20  yards  behind  him,  will  now  be  81  yards  behind: 
but  C  now  begins  to  make  as  many  strokes  per  minute 
as  B ;  and  in  28  strokes  B  makes  (z  +  4)  +  (z  +  4  -  |^)  +  &c. 
=  7  (4z  +  7)  yards,  of  which  it  loses  11  by  steering;  and  C 
makes  y  +  {y  +  ^)  +  &c.  =  7  (4y  +  9)  yards : 
.-.  7  (4y  +  9)  =  7  (4z  +  7)  -  11  +  81,  whence  y  =  z  +  2.   (2) 


14.  2.  The  product  gives 

o' -  ^\b'  =  {a'^\bx~ Ihy -  [a  V{5 (a;  +  h)} - ib ^{x' -bx  +  ¥)f 
=  a*  +  a'bx  -  \a%^  +  -JftV  -  W^  +  ^^b'  -  a^b  {x  +  b) 
+  ab  V{6  {^  +  b')}  -  W  {.^-hx^  ¥), 
which  reduces  to  f  a6  =  V(^  (^  +  ^^)}« 

3.  Squaring  we  get    a*  («'  +  1)  +  4  (a:*  -  a:*)  +  2aV  =  0,  an 
ordinary  recurring  equation ; 

whence  aV  +  4z  +  4a*  =  0,  if  z  =  a:*  -  a;"*. 

4.  From  (1)    3x*  -  12x'y  +  10a:*y»  -  6a:*  +  8a:y  +  1  =  0, 

or  3  {(x*  -  4ar'y  +  4a;y)  -  2  (a:*  -  2a:y)  + 1}  =  2  {a»y*  +  2a:y  + 1}, 

whence   V3(a:*  -  2a:y  -  1)  =  ±  V2(«y  +  1);     (?) 
also  from  (2)   a;*+l  =  2y*:     (4) 
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therefore  (1)  gives 

(2  +  4a^  -  3x')»  =  2  -  4a;y  +  x*  +  2a;*  =  (a^  -  2y»)»  by  (4  ), 
and  2  +  4a:y  -  3x*  =  ±(a^  -  2y*),  •whence  (with  lower  sign) 

x-y  =  ±l. 
Substituting  for  y  in  3,  we  get  (when  simplified) 

(V3  ±  VS)**  +  (2  V3  +  V2)  «  +  (V3  ±  V2)  =  0, 
or  «»  +  (4  -  V6)  a;  +  1  =  0. 

6.  Let  £a;  =  cost  of  inflation,  r/  =  n°  of  spectators  the  enclosure 
would  hold,  £z  =  charge  for  ascending : 

then    i,y  +  2z  =  J,^(a;  +  5);     (1) 

*^oy  =  fa«  +  5)  =  i(a?  +  io),   (2) 

and  he  has  now  lost  i  {^x  +  5)  =  |  (x  +  10) ; 

.-.  Ay  +  a  =  (a;  +  5)  +  |(a:  +  10)  +  10. 

6.  Let  the  distance  =  1,  rate  of  stream  =  a,  A's  rate  =  x,  B's  =  ?/| 
time  by  A's  watch  =  r^,  by  B's  =  st,  where  t  is  the  true  time: 

then  time  down  by  B  = ,  and  apparent  time  to  him 

= ;  also  when  A's  app.  time  is  ,  the  real  time  is 

y  +  a'  "  1/i-a 

— r ,  and  space  described  by  bin.  =  —, .  . 

»(y  +  o)  ^  *(y  +  «) 

hence =  6  {1 } (}  ■^■s{x  +  a)  = , 

x  +  a      9s        ... 

o-    -1    1  »*         M     r(x-d).  .2  3  3r 

^''^''''^^'  J(^)=ti-7(F^}-3('"  -)=  2-(^r^-  2T(F-^)' 

or^Z^  =  |£.     (2) 
y  -  a     5r 

.,  »  5  5s  a:-o      fir       ,_. 

Also   ;-  =  -jr-; ;  —  -ii — 7 . .   or =  —  .    (o) 

r{y-a)      1  {x  -  a)      Iriy-aY        y-a     12s      ^^ 

r     6 
From  (2)  and  (3)  -  =  -,  and  then  a:  =  2a,  y  =  3o. 
s      o 
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7.  On  leaving  barracks,  let  x  be  the  n°  of  Officers,  1x  of 
Serjeants,  y  of  Privates; 

then  100  x  (2<r)  +  a;  =  lOy  +  20.    (1) 
Now,  in  street-fighting,  there  fell  2  O, 

and  .-.  2  X  —  X  (2)  or  8  S,  and  2  x  ^  x  (2)  or  ^  P; 

X        ^   '  X  X 

and  there  remain  {x  -  2)  0,   2{x-  4)  S,  ^  ^^  ~  ^^  P : 

X 

at  the  barricades  there  fell  3  O, 

,       3     2(a;-4)     ,„         9(a:-4)„         ,9y(a;-4)^ 

and  .-.  --  x  -^^ — —'-  X  (3)  or  ^r-^ jt.  S,  and  /-^ — -^t  P, 

4        x-2       ^  '        2(a;-2)    '  4a: (a; -2) 

and  there  are  now  (including  the  volunteer  officer) 

rar-4^0    (^-4)(4a:-17)g     y  (x  -  4)  (4a;  -  17) 

^"^     *^"'  2(a;-2)         ^' ^4a:  (x^2)         ^• 

in  the  retreat  there  fell  3  O, 

3      2(a;-2)(x-4)  a;-2  a:(a;-2) 

and  .*.  there  return  to  barracks  (omitting  the  volunteer 
officer), 

ra:-8^0     (4a:-17)(a;-8)         y (4a;- 17)  (a; -8) 

(a:    8)0,     -2(ar-2)        ^'     "    4x(a:-2)         ^-       , 

1,  inn    (4x-17)(x-8)     ,     „^    ,„    y(4x-17)(x-8)    ,„    ,„^ 

hence  lOOx^    2(x-2)       -^^^-^^^^^^      4x(x-2)      ■'^^'  ^2) 

From  (2)    12  =  (x-8){l+^^^^^(200x-10y)} 

.=  by(l)  (x-8){lf(^^-^^H20-^).     (^_8)^'^-^\ 
J'V>'V         M-f        4a:(a;_2)       ^     '''^       ''4x(x-2)' 

or  41x*  -  956x  +  2720  =  0,  whence  x  =  20. 


15   3.  (x*-ax  +  o*)  +  V{a;(«  +  a)(x*-ax  +  a*)}  +  ix(x+a)=fx(x+a); 
.-.  V(«'  -  aa;  +  o*)  =  (-  i  ±  f )  V(a^  +  «a:)  =  VC**  +  ax) 
or  -  2  V(a;*  +  ax). 

4   In  (2)  put  x  =  tjV;  then  3»*  -  20«j' +  42tJ*  -  44»  +  16  =  0, 
or  3  (u  -  1)*  -  8  (»  -  1)»  -  8  (»  -  1)  -  3  =  0 

=  3  {(«  -  1)^  -  1}  -  8  (»  -  1)  {(V  -  If  +  1} 
«{(f-l)*+l}r3{(t;-l/-l}-8(t;-l)]: 
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the  factor  (w  -  1)*  +  1  =  0  gives  v  impossible;  but  the 
other  factor  gives  3v*  -  14o  +  8  =  0,  vrhence  «  =  4  or  f : 
taking  v  =  f  in  (1),  we  get 

or  my'  -  Vy*  +  W  -  27y*  =  -  1, 
•where  extract  the  cube  root. 

6.  Let  X  =  rent  in  £'s,  y  =  n°  of  acres : 

then   A«  =  Ay  +  6,    (1)     ioX=ioy-    (2) 

6.  Let  X  =  distance  from  C  to  L,  y  =  rate  of  T,  z  of  F :  then 

in  2\  hrs  A  goes  2|  x  3§  =  ^/  miles,  and  T  does  the  same 

35  35 

distance  in  -—  hrs;  .•.  the  time  is  now  (6  +  -— )  A.M.,  and 

4y  4y 

35 
A  left  C  2^  hrs  before,  that  is  at  (3|  +  — )  a.m.,  and 

4y 

consequently,  by  the  time  F  passes,  at  9|  A.M.,  has  been 

35 
(6^  -  — )  hrs  on  the  road,  and  F  has  been  9|  -  7J  =  2 J^  hrs ; 

hence  2\z  =  {^-—)^.     (1) 

On  the  return,  F  has  been  2|  hrs  on  the  road  when  it 
meets  him  at  a  point,  therefore,  which  is  2f  z  miles  from  L : 
hence  A,  since  starting,  has  travelled  x  -  2\z  miles,  besides 
resting  2\  hrs,  and  has  therefore  consumed 

{{X  -  2iz)  -^31  +  21}  hrs  =  (|x  -  f  z  +  2|)  hrs : 
the  time  after  noon  is  therefore 

35 

m  +:;-)  +  (l«  -  i2  +  2i)  -  12  =  Sf,  by  question.    (2) 
4y 

Also  half-a-mile  further  back  he  met  T,  which  was  therefore 
2|z  +  \  miles  from  L,  and  since  A  had  taken  ^  -f  3|  =  i  hr 
for  this,  the  time  was  6|  -  ^  =  d^^^,  and  T  had  been 
2^^  hrs  on  the  road; 

.-.  2,\y  =  2\z  +  i,    (3)  =  (6i  "  |^)  3J  +  h  by  (1), 

whence  y  =  8|,  and  then  from  (1)  z  =  8,  and  from  (2) 

X  =  5U. 
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7.  Let  P,  Q,  JR,  be  the  plumpers  for  A,  B,  C;  p,  q,  r,  the 
votes  split  between  B  and  C,  A  and  C,  A  and  B :  then 
the  poll  stood  at  first,  for  A,  P  +  y  +  r,  for  B,  Q  +^  +  r, 
for  C,  S+p  +  q. 

Now    3J2  =  P+ Q  + i2+;>  +  y  +  r,    (1) 
P+Q=A(-P+Q  +  -R  +  2i>  +  2y42r),   (2)     p  =  2q',  (3) 
(Q+i>  +  r)-(i2 +;>  +  ?)  =  110.     (4) 
After  the  scrutiny,  the  poll  stands 

for  A,  P  +  y,    for  B,  Q  +p,    for  C,  iZ  +jj  +  5: 

and  J2+^  +  g'  =  P  +  g  +  200,   (5)     P  =  q.   (6) 

From  (5),  with  (3)  and  (6),  ^  =  200  -  q,  whence;(4)  gives 

Q  =  310  -  r,  putting  which  values  in  (4)  we  get  j  =  15; 

.-.  P  =  15,   iiJ=185,  ^  =  30; 
and  since  (2)  gives    17  (P  +  Q)  =  4  (5  +  2j9  +  2^  +  2r), 
putting  Q  =  310  -  r,  we  find  r  =  177,  Q  =  133. 


16.  3.  Since  V(ar'-3x+2)=V{(:c*-2a;+l)(x+2)}=V(ar-l).V(a:+2), 
we  get  (a:-l)-V(a:-l).V(x  +  2)  +  i(a:  +  2)  =  f(a:  +  2), 
whence  V(«  -  1)  =  2  V{x  +  2)  or  -  V{x  +  2). 
4.  From  the  form  of  the  equation,  assume 
._m*-l        _,  _  n*  -  1 

then  (2)  gives  4  V,— i — ,w  « — rr  =  7— i — ,.  .  « — r; » 
v/6  ^(m*  + l)(n*  +  l)      (?»»+ 1)  (n»+ 1)' 

«*  +  1 
whence  (m*  -  1)  (n*  -  1)  =  2,  and  m*  =  V-4 — j^. 

Also  (1)  gives 

8«*  8m* ^     (m*-l)V{2  (»*  +  !)} 

(m*  +  1)*  («*  +  1)  "  (m»  +  1)»  (n*  + 1)  (m»  +  1)  («*  +  1)     * 

whence   2n»  -  2»i*  =  (m*  -  1)  V{2  (»*  +  1)}; 
substitute  for  m*  in  this,  and  square ; 

.-.  n"  -  2n"'  -  «« +  n«  +  2«»  -  1  =  0, 
a  recurring  equation  in  n*,  which  [61]  is  div.  by  n*  - 1 : 
effecting  this  division  we  get 

n''-2»»-2n  +  l  =  0,  whence  («*  +  2  +  n-*)-2(n»  +  n-*)  +  l  =  3j 
.-.  »*  +  »-^  =  1  ±  V3,  &c. 
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5.  Let  a  =  n°  of  hrs  before  noon  at  which  A  began,  x-^^ do^ 
for  B :  then  A  took  (a;  +  9f )  - 1  =  a  (4a;  +  35)  hrs  to  finish 
his  half,  and  B  {(a;-|)  +  7}- 1  =  i(2ar  + 11)  hrs  to  finish  his : 

4  2 

.*.  in  ane  hour  A  does ^^  of  half  the  whole,  or 


4a;  4-  35  '       4a:  +  35 

of  the  whole,  and  B  ^ —r-  of  it : 

2x  +  11 

V,.n.«       2a;       ,  (ar-i)      1 

6.  Let  A  with  veL  13tf  run  from  C  to  A,  B,  with  vel.  lit? 
from  C  to  B:  let  them  meet  first  at  D,  the  middle  of  AB, 
and  again  at  £  in  CA,  where  CB  =  30 ;  CA  =  x,  CB  =  y : 

^      CA  +  AD     CB  +  BD    ^x  +  ^^{^  +  y^)_lZ^ 
^'"^        130       -       lit;       '  °'  j/TR(a;*Ty*) "  H '     ^^^ 

,    CA-\^AB  +  BC+  CE     CB  +  BA  +  AJE 
13«  ~  lit;  ' 

or    ^  +  y  -^  V(^  +  y*)  +  30  ^  13 

«  +  y  +  V(a^  +  y*)-3o    ir    ''  ^ 

From  (2)  X  +  y  +  VC** + y*)  =  360,  from  (1)  ^  +  y  +  V(^+y')  =  ^  ^ 

or   =12,  whence  a;-y=30: 

substitute  for  y  in  V(**+y*)  =  360  -x-y,  and  square,  &c. 

7.  Let  X,  5Q-X  be  the  prices  given  in  £'8,  2a;,  25  -  \x  those 
received ;  y  the  per  centage  on  price  which  A  cost  in  keep, 
and  B  produced  in  hire ;  then  A  produced  in  hire  Ix,  and 
cost  in  keep  -doXy ;  B  produced  in  hire  xho  (50  -  x)  y,  and 
cost  in  keep  f  x  (25  -  ^x)  guineas  =  f  x  |  J  (25  -  \x)  £'s : 

.•-TSoay  +  ixfH25-§a;)  =  33;     (1) 

and  profit  upon  (produce  -  keep)  =,  by  question,  eight  times 
profit  on  sale ; 

.'.  {\=o  +  -d-o  (50  -  a;)  y}  -  33  =  8  [{2a;  +  (25  -  Ix)}  -  {a:  +  (50  -  x)}].  (2) 

„        ,,,         75     7x  +  354     „     23x-334„        .„. 
From  (1)  y  =  -  X  — ^—  =  50  x  - -^-^  from  (2), 

whence  757x*  -  10676x  -  53100  =  0,  and  x  =  18. 
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17.  2.  Divide  (1)  by  a" ft"; 

-(i)^(!)"-/-^=^v{r(i)-a> 

but  (2)  -=-  =  z,  supposes 

m-n  ">-" 

-\      8  S    or  z"^  +  2"~  =  2 ^-j     , 


m-n 
In. 


-2f|j     z»  +1  =  0,  &c: 

and,  X  being  found,  y  may  be  obtained  from  (2). 

3.  (X*  +  a:  +  1)  -  2  ^{{x  -  1)  («»  +  a;  +  1)}  +  a:  -  1  =  4  (a;  -  1); 

.-.  V(a;*  +  a:  +  1)  =  V(a:  -  1)  (1  ±  2)  =  &c. 

4.  Put  y  =  xz\  then  (2)  gives  s^e  =  a*{z*  +  23*  -  1); 

and  (1)  a«(l+2«)  =  a;V-2a*z  V(l-z*)  =aV{z*+2z»-l}-2a»z  V(l-2*), 
or  z^-l  +  2zHz*-l)-2zV(l-z*)  =  0;   .-.  z=l,  a:  =  y,=  ±oV2. 

5.  Let  a:  =  lengtb  of  course,  y  =  A'8  pace,  z  =  B's;  then  A 
runs  to  the  post  and  90  yards  back  again  while  B  has  still 
90  yards  to  go  to  the  post,  that  is,  A  has  gone  a;  +  90  yards 
while  B  has  gone  a;  -  90 ; 

.  a;  +  90_y,     „. 
*  ■  a;  -  90     z  '     ^  ' 
also  A  takes  3'  less  than  B  in  running  the  distance  2a; : 

.•.?f  =  ^-3:     (2) 

y      z 
and  A  would  have  gone  2x  +  \x  =  ^^x  yards  while  B  would 
have  gone  2a;  -  ^a;  =  ^^x  yards ; 

:.^^^y=^^ll  whence  x  =  1080. 
11      z      a;  -  90 

6.  Let   a:  =  n°  of  spokes  in  fore-wheel,   y  in  hind-wheel : 

then =  arc  between  spokes  of  former,  —  =  do.  of  latter: 

«  y 

_  o     «    T.      "irH  1      3       T        ,^. 

y  y     4     ^      '^  ' 

also  f.27ri2  =  i.2,rr-i.— ,    or  1  =  2-^.^;    (2) 

and  2r  :  5  -  r  : :  a; :  2.     (3) 
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7.  Let  X  =  rental,  y  the  per  centage  allowed  on  rents  paid, 
y  the  rents  paid  in  second  year;  then  he  embezzles  £270, 
besides  obtaining  the  per  centage  on  the  amount,  y  -  270, 
•which  he  returns; 

o^A        y-270     1      a;-(y-270)     ,  ,         ,  .  6j:     ,,, 

-^^Q^"'^W-2"-        100      ^  =  l-^year'smcome=— ;(1) 

in  3'd  year  the  rental  is  — ^ ''^  ~  In''*  *^®  amount  not  paid 
is  x-y,  and  the  amount  paid  i^x  -  {x  -  y)  =y  -  ^\x; 
y  -  Ax     1       X  -  y     S     Gz       .„.  ,  ,  <•      1      6x 

.•.|.^=2(270-r?^-r.Bl°),  or.  =  180(20D-3r).   (3) 

■c        /^x       ,.        ,r.„^         270     r     270^     1       3y-x      6x 
From(l)wehave(270-r.j---.— )  +  -r.-L_=-, 

,     .„-    3x      1       3y-x      6a; 

°'^^y('>400  +  2"-    10r=i00' 

3m     ,      21      23      9  „ 
whence  ^=  1 +  _  =  _+-  from  (2). 


18.  3.  Dividing  by  1  +  a;,  (and  ,*.  a;  =  -  1  is  a  root)  we  have 

1  -  a;  +  a:*  -  a:*  +  «*  =  a  (I  +  a:)*  =  a  (1  +  4x  +  6a;*  +  4a:' +  a;*) ; 
.-.  (o-l)(x*  +  l)  +  (4a  +  l)(a;»  +  a:)+(6a-l)a:*  =  0, 
or  (a  - 1)  (x*  +  2a:*  + 1)  -f  (4a  +  1)  a;  (a:'  +  1)  +  (4a  +  1)  a^  =  0, 
or  (a-l)z*  +  (4a+l)z  +  (4a  +  l)=0,  if  2  =  a;  +  a;-';  &c. 

4.  From  (1) 

{^y - V (a  +  bx)y  =  a-hx,  or  Vy  =  v'(c  +  hx)  +  V(a - ix) : 

.-.  y  =  2a  +  3  V{a*  -  6V)  {V(a  +  M  +  Via  -  bx)} 

=  2a  +  3^y  V(a*-6V); 

whence  (2)  gives  5 =  2o  V(.a  -  bx),  or  x  =  . 

V(a  -  &x)  " 

5.  Let  x  =  1ime  in  hours  for  B,  y  for  S:  then  B  drinks   - 

of  wine   in  cask  in   one  hour,    and   .*.  —  in  fy  hours, 

ox 
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leaving  1  -  — -^  of  it,  which  S  drinks  in  (1  -  -^)  -f  -  hrs : 
6  X  ox       y 

hence  fy  +  (1 -— )y  =  time  in  which  cask  was  emptied, 

■which,  by  question,  exceeds  by  2  hours  the  time  in  which 
they  would  together  have  emptied  it ;  or 

fy  +  (i-|^)y  =  i^(i  +  ,V2  =  iT;;  +  2;  (i) 

ox  X     y  X  +  y 

and  —^  X  -  =  what  B  would  have  drunk  =  i(l  -  ■;^).    (2) 
x^-y     X  "^       3x^      ^  ^ 

From  (2)  3ar*  -  5xy  -  2y*  =  0,  whence  a;  =  2y : 

from    (l)y{|+l-L|--^}=y{|+l-X..J  =  2, 

or  y  =  3,  x  =  6. 

6.  Let  a;  =  n°  of  acres,  y  =  (in  shillings)  agreed  price  per  acre, 
r  =  reduction  per  acre,  Iz,  |z,  ^z,  n°  of  acres  that  can  be 
reaped  per  day  by  A,  B,  C.  Then  in  two  days  A,  B,  C 
will  have  reaped    z  +  f z  +  |^!  =  ^g^z,    and  C  will  receive 

i_z{y-r)=5.    (1) 
Of  the  remaining  x  -  ^/z,   A  and  B  do  in  the  ratio  of 
^  and  J,  that  is,  A  does  f,  B  f ;  hence 

I  (x  -  ^^z)  =  A's  work  for  one  day  =  ^z,    (2) 
and  A  receives  altogether  z(y  -  r)-i-  ^zy.    But,  if  C  had 
remained,  A  would  have  done  ^^  of  the  whole  work,  and 
would  have  received  ^^xy, 

:.z{y-r)  +  \zy=  ^^xy-lh     (3) 
and  the  farmer  saves  r  shillings  on  each  acre  of  the  first 
two  days'  work,  that  is,  he  saves  (in  shillings) 

^^zr  =  (by  question)  ^y.    (4) 
From  (2)  a;  =  3z;  putting  this  in  (3),  we  get  26rz-3yz  =  39; 
combining  this  with  (1),  ys  -  rz  =  10,  we  get  rz  =  3,  yz  =  13 ; 
hence  by  (4)    y  =  i3^rz  =  13;    .-.  z  =  1,  r  =  3,   a;  =  3. 

7.  Let  P,  Q,  JR,  denote  the  plumpers  for  P,  Q,  E,;  p,  q,  r, 
the  split  votes  between  Q  and  R,  P  and  R,  P  and  Q,  re- 
spectively :  then  the  whole  number  of  votes  was  P-\^{q  +  r) 
for  P,  Q  +  {p  +  r)  for  Q,  and  It  +  (p-iq)  for  E,:  hence 
we  have  the  equations 

P+Q  +  i2  =  565,    (1)    p  +  q  +  r  =  n6,    (2)      Q  +  l  =  q-p,    (3) 
p  =  2r  +  l,  (4)      Q+i>  +  r  =  P  +  j  +  r-5  =  J2+;>  +  y-48.   (5)  and  (6) 
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From  (5)  P-5  =  Q+p-g  =  -l  by  (3);   .-.  P  =  4; 

and  (6)  i2  =  4+r-2>+43  =  46-r  by  (4);  also  (1)  Q  =  615  +  r, 

and  (3)    5'=  Q +j9  +  1  =  517  +  3r; 

.-.(2)  (2r+l)  +  (517  +  3r)  +  r  =  776,  whence  r  =  43,  &c. 


19.  3.  Observing  that 

12a:-8=2  (6j:-4)  =  2  [V{2(a:+2)}+2v/(2-x)]  [V{2(ar+2)}-2V(2-x)], 
we  get  V{2  (x  +  2)}  -  2  ^/{2  -  x)  =  0,  whence  a:  =  f , 
and  also  ^/(93^  +  16)  =  2  {^2  («  +  2)  +  2  V(2  -  «)}, 
by  squaring  which  we  get  9a:*  +  8a:  -  32  =  16^(2  (4  -  «*)}, 
and,  squaring  again, 

Six*  +  144ar'  =  512a:  -  1024,   or  (9z*  +  8a;)*  =  64  (a;  +  4)», 
whence   9a:*  +  8a;  =  ±  8  (a;  +  4),  &c. 

4.  From  (1)  y*  =  a  -  ^  (a;*  -  a;)  =  a  -  ^  a,  suppose :  and  (2)  gives 

(a:*-  23^ ^- a^)  -  {j* -  x)  +  y«(x»-  x)  +  y*  =  :?  -  z  +  yh +  y* 

,  a  -       ,     2a*       o*  ,       , 

=  sr-z  +  az--r:f-i-  a*--=-2  +  T^z*  =  a*: 
0  00* 

.:  (a*  -  aft  +  6*)  z*  =  (2o*6  -  a6'  +  6*)  z, 

,  -        {2o»  -  (o  -  1)  6}  & 

whence  2  =  0  or  ^ --^^-, — ,,  —  =  P  suppose. 

a*  -ah  +  b*         ^      ^'^ 

K  z  =  x*  -  X  =  0,  then  a:  =  0  or  1,  y*  =  « :  if  2  =  ^,  then 

o 

x' -  X  - p  =  0,  and  a;  =  | {1  ±  -/(I  +  4;?)},  y  =  a-rp. 

6.  Let  X  =  rate  in  yards  of  first  boat  A  per  minute,  y  of  B ; 

then  X  -  *f  ^  =  gain  in  yards  per  minute  of  A  on  spectator, 

and  y  -  X  =  ditto  of  B  on  A :  .*.  time  in  which  A  overtakes 
220 

spectator  = tth  >  ^^  which  time  B  gains  10  yards  on  A ; 

*  ~    3 

.•.^^(y-a:)  =  10:     (1) 

2200 
and  =  time  in  which  A  goes  1 J  mile,  in  which  time 

X 

B  gains  on  it  30  yards ; 

.-.  ?|^(y-a:)  =  30,     (2) 

A.  VI,  .•  4400  -  2200     ... 

from  which  equations  x  =  -jr;—  ,  and  =  10|. 

21  X 

6.  Let  a;  =  n°  of  comp.  candles  in  a  lb :  then,  since  each  wax 
candle  weighs  as  much  as  1 J  =  f  comp.  candles,  .'.  fa;  =  n** 


KET   TO   PART   IT.  9T 

of  wax  candles  in  a  lb ;  and  if  y  =  time  each  comp.  candle 
bums,  then  f  y  =  ditto  for  wax.  Now  a  lb.  of  comp.  burns 
for  time  xy,  and  a  lb.  of  wax  for  time  ^xy ; 
.'.  f  ary  :  ary  : :  30rf  :  price  of  lb.  of  comp.  =  f  x  ZQd  =  2od. 
1.  Let  a;  =  n°  of  gals  thrown  by  A,  y  =  ditto  by  B,  2  =  ditto 
passing  by  the  leak,  per  hour:  then  (since  contents  of 
cistern  =  512  cub.  ft.)  A  and  B  work  together  for  time 

,  then  A  for  time  ,  then  the  leak  alone  runs 

aeJry-z  x-z 

128  128 

for  time ,  then  B  works  for  time ,  again  the  leak 

a  w  -z      ° 

ix  ^  x64      8 
runs  for  time  - — — =  -  ,  and,  lastly,  A  and  B  [without 

the  leak)  work  for  time =  (by  question) .     (1) 

x^y     ^  ■'  ^  '  x^yf-z 

.,  256         128      128      128      8         128         31      ,„ 

Also  + +  —  + +  -  + =  —;     (2) 

x+y-z     x-z       z       y-z     z     x-i-y-z      3 

,     128       256      ,^,       , 

and  = ,  (3)     whence  ar  +  a  =  2t/ : 

y  —  z     x-z 

but(l)  a:+y  =  17z;  .•.a;  =  llr,  y  =  6z,  and  (2)  gives  z  =  ^/. 

ao.  2.  From  (1)  y  +  r  =  V^-^,    from  (2)  y  -  z  =  f  -  a:; 

1  ,  .1  +  a»     ,3       ,,  1  ,  ,1  +  cr"     ,3       . . 

.•.y  =  2^V-^-+(2-^)}.  «  =  2^V^— (3-^)}, 

yj!  =  -{-^-(--a;)*}  =  — ,   whence  (a;  -  1)"  =  tr". 

3.  Put  {3?  -  16)4  =  2;  then  4z'  +  32  =  2*  +  16  +  16z, 

or  z*  -  16  =  4z(z*- 4),  &c. 

4.  From  (1)       x'^y  -  yV  =  a?y{a?  -  y)  =  a?  -  y. 

.*.«*-  y  =  0  or  a?y  =  1,   that  is,  y  =  a?  or  ar"* : 

from  (2)  y""  +  y-»  =  9  (a:  +  ar"*),   or  a;'  +  a;"*  =  9  (a:  +  a:'') ; 

.-.  a:»  +  x-»  +  3  (a:»  +  a;"')  =  3  {{x'  +  a;-»)  -^  3  (a;  -f  a:"*)}, 

whence   a?  +  x'^  =■  \''i  (x  -f  a:"') ; 

and  .'.  ar  +  «''  =  0,  whence  x=±^/-l,  or  ar* -  1  +  a:"*  =  -/3, 

whence  a:  +  a;"*  =  V(V3  +  3),    x  -  x'' =  ^{^3 -1). 

"5.  Let  X  =  amount  of  money,  y  pf  debts :  then  ^eX=n°  of  cents 

purchased,  and  ff a:  =  |f x  =  produce  of  sale ; 

.-.  heir's  loss  =  th^  +  ^  =  (by  question)  ^  {ffx  +  |y),  (1) 

and  iy  =  140.    (2) 

4 
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Let  x-=n°  of  intruders;  6a;  = -whole  number  in  boat,  and 
5a:  -  1  =  n°  of  passengers;  ,:  if  y  =  n°  of  minutes  the  last 
man  was  immersed,  we  have 

5a:  =  f{5a:-l)  +  ii/;     (1) 
and  if  r  =  n°  immersed  at  the  end  of  3',  then 

y-^     y-3  +  r     y  -  3  +  2r 
1  r  r' 

=  n°  extricated  in  the  first  3'  =  5a;  -  r ;    (2) 

also  5  (a;  -  4)  -  1  =  2r.    (3) 
From  (3)   5a;  =  2r  +  21,    from  (1)  y  =  f  (a;  +  1)  =  r  +  13; 
■whence  (2)  gives  9r*  -  13r  -  10  =  0,  or  r  =  2. 

Let  X,  y,  2  be  the  n°  of  notches  made  by  A,  B,  C :  j9  =  n° 
of  byes  in  A  and  B's,  g'  in  B  and  C's,  «  =  n°  of  notches 
the  second  party  were  behind ;  then  p  =  B's  notches  in 
C's  innings ;  •''  y-p  =  ditto  in  A's  =  (by  question) p^z^q,  ( 1 ) 
and  x-¥{y-p)^p  or  a;  +  y  =  whole  n°  gained  while  A  and  B 
are  in  together  =  |w;  (2)  also  p-V{y~p)  i  q^z  ::  q:p,  (3) 
z-l=p,  (4)  p  +  z  +  q  =  ^n-3.  (5)  But,  on  2nd  supposition, 
B's  notches  in  A's  innings  =  q,  and  in  C's  =  a;  +  5'  +  ^ ; 
.'.  a;  +  5  +  a;  +  g'+^  +  s  =  n-3.  (6j  From  (4)  ^=2-1  ;.•.  from 
(1)  y  =  y  -  3z  +  2,  and  (5)  f «  =  y  -  a  +  4 ; 

.-.  from  (2)  a;  +  y  =  |«  =  f  (y  -  2  +  4),     (a) 

and  (6)  2z  +  2y  -  42  +  3  =  «  -  3  =  f  (y  -  2  +  4)  -  3,    (fi) 

from  which   equations,    (a)  and  (/3),  we  get  x  =  3z-  2, 

y  =  72  -  13;   so  that  we  have  now  j9  =  a  -  1,   y  =  42  -  11, 

n  =  8  (22  -  3),  and  then  (3)  or  py  =  q  (q  •{■  2)  gives 

(a-1)  (7s- 13)  =  (42- 11)  (52- 11),  whence  2  =  4. 


^    Tu  A   ^    .-  9(9x*-l)  9(3a;+  1)      ^, 

21.  1.  The  second  fraction  =  j^z rr— — ~r.  = ^ ,    the 

(3a;  -  1)  (a;  +  3)  a;  +  3 

factor  struck  out  giving  3a;  -  1  =  0,   or  x  =  ^i   the  rest 

is  easy. 

2.  From  (1)  and  (2)  xy  and  s  are  roots  of  m'  -  5m  +  4  =  0; 
.*.  xy  =  1,  •  2  =  4,  or  a;y  =  4,  2  =  1:  put  successively 

1  4   .      ... 

y  =  - '  y  =  z  ^°  (3)- 

X  X 

3.  Simplifying,   2a;''  +  5a;*  -  4a;  -  3  =  0,   whence 

a;  (23:"  + 5a; +  2)  =  6a; +  3,  or  a;(2a;  +  l)  (a;  +  2)  =  3(2a;+l). 
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4.  From  (2) 

(2y*-«»)*-4xy(2j/*-a:«)  +  4a:y  =  0,  or  2t/*  -  a»  =  2xy : 
.*.  a^i-2xi/  +  y*  =  3y*,  or  a;  +  y=yV3j  whence  a;  =  f/(v'3-l),  &c. 

5.  Let  X  =  n°  of  acres ;  then  3a?  =  rent-charge  in  shillings, 
and  1^0*  -  120  =  rates;   .-.  fx  -  240  =  ^o^^. 

6.  Let  a  =  n°  of  passengers  at  first,  y  =  fare  of  each ;  then 
^J  («  +  4)  y  =  whole  profit  in  pence  =  55,  and 

(«  +  4)  y  =  60  (1)  =  whole  fare : 

andxy  +  4{i(x  +  4)}  =  2(a:y-4y)  +  32.     (2) 

1.  x  =  A's  rate,  y  =  B's,  .*.  2y  =  horse's ;  then,  since  A  walks 

four  and  rides  three  miles  while  B  rides  Jour  and  walks 

three  miles,       43       435  -„ 

-+  —  =  —  +  -  =  -,   or  7a:  =  8y:     (1) 
X     2y     2y     y     y 

also  if  23  +  1  represent  the  n°  of  mUes  after  the  1^,  (since 

the  whole  number  of  miles  is  odd,)  then 

g  +  1  g        _    gf  1  g  2Z4-  1  22 

a;+|     2ar  +  l~2^Tl"'"y  +  i'  ^'^  2j;  +  l"2^n'     ^' 
and  time  of  first  7  miles  (taking  B's  expression  for  it  in  (1)) 

•was  - ,  time  of  last  2g  +  1  miles  (taking  A's  expression  for 

...  ^-,.  3z  +  2  5     3z  +  2     --,     ^„. 

It  m  (2))  was  2^-5^;   •-.  -  +  g^^  =  2-     (3) 

From(l)x  =  fy;     from  (2)  ^  =  f-±-J  =  |^^ , 
^  '         ^  ^ '  ^  '      2a        2y  +  1      14y  +  7 

,  14y  +  7     ■        „    ,  „     50y  +  21 

whence  z  =  — ^ ,  and  Sz  +  2  =  —^ ; 

4y  4y 

whence  (3)  gives  y  =  3|-. 

82.1  ^  ,  1  ,  ^ 

(«*  -  a:  -  8)  +  12x     a*  +  2x  -  8     (a:*  -  a:  -  8)  -  12a; 

2(g'-a;-8)  1  ^        2z         ,      1      _^ 

^  (x*  -  a;  -  8)*  -  144a:»  "'■a:*  +  2a:-8~z»-  144a:*     z  +  3a;  ~ 

where  z  =  ar*  -  a;  -  8 ;  hence  z  =  6x,  or  -  8a;,  &c. 

2.  From  (1),  a:*  +  y*  +  z»  -  2(2a;  +  3y  +  z)  +  4  +  9  +  1  =  24, 

or  by  (3),  a;»  +  y*  + z»  =  70:     (a) 

.-.  (a)  +  2  X  (3)  gives  (a;  +  y  +  z)*  =  70  +  2  x  63  =  196, 

and  a;  +  y  +  z  =  ±  14 :    (yS) 

hence  (3)- {/3)  gives  a; +  2y  =  16  or    44,  and  y  =  8-|a;  or    22 -^a;; 

,     3x(y3)-(3)gives  a;  +  2z=12  or -72,  and  z  =  6-^3;  or-36-|ar: 

.-.  by  (a),  a;*  +  (8  -  ^xf  +  (6  -  ixf  =  70,  &c. 
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3,  Adding  and  subtracting  numerator  and  denominator,  we  get 

n  (a*  +  X*)  -  aV  _         n  (a*  +  «*)  -  aV 
a*  +  X*  -  na^3?   ~  « (a*  +  a;*)  -  (4n  -  1)  aV  * 
.'.  either  n  (a*  +  a:*)  -  aV  =  0,  and,  consequently, 
x^     l±V(l-4n')_2±2V(l-4n^)                 ^a;  _  V(l+2ra)±v/(l-2«) 
o'             2»                     4w          '                  a  2V« 

or  o*  +  a;*  -  «aV  =  n  (a*  +  a;*)  -  (4n  -  1)  aV, 
,           a:*     3n  -  1  ±  V{(5n  -  3)  (w  +  1)}     „ 
^^^°°^  «»= 2V^T) '  ^'^ 

4.  From  (1) 

{x"  +  ay)  ( t/*  +  oV)  +  4&Vt/'  +  25a-y  {a;  (y*  +  aV)  +  y  (x*  +  ay)} 
=  (putting  xy  =  z)  z^\c?  (x'+2/')  +  aV+4iV+262{z  (y'+z')  +  a'  (a;'+y^)} 
=  (by  2)  z»  +  a*  (4cV  -  22^)  +  aV  +  4iV  +  26s(2cs»  +  2a*c3) 
=  4(a'-6*)(&  +  c)V: 
whence,  striking  out  the  factor  s', 

2*  -  2  {a«  -  26  (6  +  c)}  a  +  {a'  -  2J  (6  +  c)}*  =  0, 
or  z  =  xy  =  a*  -  2bc  -  21/  =  p,  suppose : 

then  (2)  gives  x*  +  ^  =  2cp. 

6.  Let  X  =  value  of  notes  spent  between  P.  and  T.,  and 
.'.  540  -  a;  =  value  of  those  remaining,  which  were  worth 
f  (540  -  x)  roubles ;  .'.  f  ( 640  -  ar)  -  432  =  216  -  fa;  =  roubles 
spent  between  T.  and  M. :  also  432- 237  =  195  =  rowifes 
•with  which  he  started  to  return  =  x  +  (216  -  fa;). 

6.  Let  a;  =  n°  of  oz.  of  gold,  y  of  silver,  20300  -  (a;  4-  y)  of 
copper :  then  n°  of  oz.  in  first  alloy  =  \\x ;  .•.  n°  in 
second  =  20300  -  (\\x  +  288)  =  20012  -  -J-fz. 

Now  £3  17«  10iJ=  £f  i§,  and  5s  Qd  =  £\l'. .-.  value  of  the 
coinage  in  £'s  =  -f-|S-xif^+ii{20012-it-c)=5546j^, whence 
a;  =  1 1,  and  n°  of  oz.  of  silver  =  f  ^  (20012  -  \\x)  =  18500. 

7.  Let  a;  =  n°  of  fortresses ;  then  =  n"  in  each  detach- 

^    „,      6048      15120      ^o     1-     J-  J      *u      e 
ment;  and  2\x = =  n°  who  died;    thereiore 

^„,„     15120     „,       5964a; -15120        ^  a- ^ -x.  ^  a 

6048 84  =  =  n°  now  distributed, 

X  X 

and   ^-^^ =  n°  in  each  detachment;  ••.  n°  of  killed 

,      .       "^        .        ..  5964X-15120                           15120 
and  prisoners  =  (a;  -  4) ^ 210  =  4186 , 

whence  a;  =  12. 
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aa.  3.  Observe  that 

3x*  +  ^=[2(:r-|)  +  V{*(a;-|)}]x[2(a:-i)-V{a^(x-|)}]: 
80  that,  by  question,  {x  -  ^f  -  Y  =  2  (a;  -  -J)  -  V{«  («  -  f )} ; 
which  gives  (a:*  -  f z)  +  V(^  -  f^)  -2  =  0, 
•whence   '^(a^  -  |x)  =  1  or  -  2,  &c. 

4.  From  (2)   23^y*  =  x*  +  y»  +  1  j 

from  (1)   4x*-2z'-y'-3-a't/'  +  2y* -  2xY  =  0 
=  4a;*  -  2x*  -  y"  -  3  +  a^f  +  2y'  -  f  {3^ -^  y' +  1) 
=  4x*  -  2  («*  +  r/*  +  1)  -  1  +  /  =  4a:*  -  4a;y  +  y*  -  1 1 
.-.  2a;*  -  y*  =  ±  1,  &e. 

5.  Let  a?=  n°  of  miles  from  L.  to  E.,  y  =  rate  of  L.  B.  train; 
then  calculated  time  in  hours 

ir  4-  4ft       1 

= +  o  =  (^y  question)  6  hours :    (1) 

in  -second  case  fa:  =  n°  of  miles  on  the  L.  B.  line,  and 
(a; +  48 +  13) -fa;  or  61-ia:  =  n°  of  miles  on  the  M.  C.  line 5 


.    5a;     Gl-jx 
•'  4y^    y  +  1       ^*''" 


(2) 


6.  Let  ar,  y,  be  sides  in  inches  of  A  and  £,  r  and  s  the 
diameters  of  balls  in  A  and  £ ; 

/.  ar«  =  «''+1216   (1)     and  ?  =  ^  -  12.     (2) 
r     s 


(^)'-M 


Now  the  n°  of  balls  in  the  faces  of  A 

or  63-I2-+8,   which  we  obtain  hj  taking  from  the 

whole  number  of  balls  the  inner  cube,  so  as  to  leate  only 
the  shell,  one  ball  thick;  and  the  number  of  balls  in  the 
eight  edges  of  two  opposite  faces  of  5  =  8  (-  -  1),  and  the 

remaining  balls  in  the  four  other  edges  =  4  (-  -  2)  J 

.".  total  number  in  edges  =  12-  -  16} 
s  ' 

.-.  6^- 12- +  8:  12^- 16::  7:  22.    (3) 

x^ 
The  whole  number  of  balls  in  A  being  — ,  they  may  be 

formed    into  a  hollow    square,    whose  side  will  contain 
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— ;+  1,  and  be  /.  ( — ;  +  l)r  inches  long;  hence  its  area 

■will  be   (■— ,  +  rf;  and  the  side  of  the  solid  square  will 
4r 

a?  1^  ic* 

contain  V-;  halls,  or  r-J-.  inches;  /.  its  area  will  be  -; 

hence   {f,  ^  sf -^  :  i^  + rf -- ::  U9iU  '  1-     (4) 
^4s*  »     Mr*  r 

From  (3)  and  (2)  we  get  -  =  4,  ^  =  16:  in  (4)  put  x  =  4r, 

,„       ,  ^  -       V      16s     2 

y  =  Ids  ;  then  we  get  r  =  6s;  and  .'.  -  =  -—  =  - ; 

a;      4r      o 

whence  (1)  x  =  \2,  r  =  3,  «  =  |. 

7.  Let  a;  =  n°  of  quarters,  y  =  ratio  of  gain  to  whole  charge 
in  first  year ;  then  net  income  of  first  year  in  £'s 

=  32:  +  330  =  249  +  (249  +  20?/),  or  3a;  -  20y  =  168 :    (1) 
on  this  sum  he  pays,  as  income-tax  in  second  year, 

rfo(3x  +  330)=  i,(x  +  110); 
.*.  cost  of  profit  in  second  year  =  j'o  (a;  +  1 10)  + 1^  =  ^^^x  +11^, 
and  cost  of  10  pupils  =  a;  +  115;    .".  since   corn-rent  in 
second  year  =  Var,  and  the  gross  charge  for  pupils  =  (as  in 

former  year) ,  we  have  net  income  of  second  year 

<JQA  qoA 

=  V«  +  {—-(«+  115)}  -  1^0  {X  +  110)  =  f  §a;  +  —  -  126 ; 

y  y 

330      27 

.••  difi".  of  net  incomes  = --a: -456:   .•.  savings  in 

y       20 

330     27 

second  year  =  (249  +  20y)  +  ( ST.^  ~  ^^6),  family  exp. 

y       20 

in  second  year  =  18  (^^ x  -  456),  and  repairs  =  15, 

330     27 

the  sum  of  which,  264  +  20y  +  19  ( kt^*  -  456)  =  net 

M        20 
33       330 

income  =  —  a;  + 126,  (2).     By  substitution  for  x  from 

20         y  \  >        J 

(1)  in  (2),  we  get  45y*  +  2723y  -  1650  =  0,  whence  y  =  f , 
and  :.  X  =  60. 

33 
Also  charge  for  each  pupil  in  either  year  =  —  =»  55 ;  and 

cost  of  living  in  first  year  =  |  of  65  =  22,  and  in  second 
year  =  ^^x  ^^  11^  =  Ul;  :.  ratio  required  =  f*. 
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34.  1.  V(^-3ar4-2)  =  V2-V(a:*-7ar  +  12):  square  &c,  x  =  2  or  3. 
2.  (a:  +  Va?)*-102(ar  +  V«)  +  51*  =  25;  .-.  aj  +  V«  =  56  or  46. 
_    ^   .  s,2a:  +  3  1x     z»  +  1      4x»  +  9     z«  +  1 

•'•^"•■i'T""  r3'"2?''  ^^^"^'^  z*+l  =  0  (i),  z=0  (ii), 

13s*  =  4(z*-z*f  1),  or  4s*-17z*+4  =  0,  whence  z  =  ±2  or  ±|;    (iii) 

and  ar  =  | .  J^  =  ±f  V(-l)  (i),  or  -f  (ii),  or  +  1|,  ±1^3  (Hi). 

4,  Put  y  =  xz]  then  (1)  gives  a*  =  a:*  (1  +  Sz), 

/ox     •  M   ,  3(1  +z),  _     f3s  + Vz  +  2, 

(2)  gives  fl  =  a:  {1  +  -^)  +  ^  {    ^/_  ^    }; 

.-.  (l  +  3z)(V2-l)*=(324V2+2)*,  whence  2z»+4a5 +3z+2  Vz+1  =  0, 

or  2(:?  +  2z*  +  z)  +  z  +  2  Vz  +  1  =  (2z  +  1)  (z  +  2  Vz  +  1)  =  0; 
.-.  V*  =  -  1»  2  =  1,   or  z  =  -  J;   and  o*  =  ar*  (1  +  Ss),  &c. 

6.  Let  X  =  profits  required :  then  B's  receipts  were 

2ixia:  +  lxi«  +  lixi-f-IHa;  =  YoVaJ  =  987;  .-.  ar=400. 

6.  Let  X  =  side  of  cube  in  inches :  then  rain  that  falls  in 
inches  =  3  +  2^  +  &c.  to  41  terms  =  -^^f^  in. ;  .•.  whole  water 
evaporated  =  ar*  +  ^^x* :  and  water  evaporated  (in  inches) 
on  successive  days  =  f f  +  fi  +  ^'c.  to  41  terms  =  ^^; 

.-.  ^^a^  =  «*  4  ^ar»,   or  a;  =  ^^  =  41. 

7.  Let  X  =  A's  pace  at  first,  t/  =  height  of  H. ;  then  5  +  y  =  dist. 
from  K.  to  top  of  H.,  which  B  reaches  at  the  end  of  2  hrs, 
when  A  will  have  gone  2a;  miles,  and  will  be  54y-2ar  miles 
behind  B.     Hence  2  (5  +  y  -  2x)  =  space  gone  by  A  during 

B's  first  rest,  and  — =  time  of  first  rest 

X 

When  B  starts  again,  A  will  have  gone  5  +  y  +  (5  +  y-  2x) 
=  2  (5  +  y  -  2a:)  +  2a:  miles  from  K.,  and  by  the  end  of 
S'd  hour  will  have  gone  3a;  miles;  .•.  space  gone  by  A 
in  the  interval  =  3a;  -  {2  (5  +'y  -  2x)  +  2a;}  =  a;  -  2  (5  +  y  -  2x), 
and  space  gone  by  B  in  same  interval 

=  3x  -  (5  +  y)  =  a;  -  (5  +  y  -  2ar); 
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.'.  B's  increased  pace  =  x =  ^P^c^  ^y  ^ 

ijc  —  ^  (0  "i"  y  "~  AtXf 

in  4th  hour;   when  A  will  have  gone  x  miles,  and  will 

therefore  be  behind  B 

x~{5^y-2x)  x{5  +  y-2x)   ^2 

^x-2{5  +  j/-2x)      ^    x-2{5  +  y-2x)     3^        ''  ^^ 

Since  A  goes  f  (5  -  x)  during  B's  second  rest,  the  time 

2     5  —  3" 
=  n  ' '•  let  z  =  dist.  left  to  Amb. :  then,  since  B's  pace 

is  X . J^,^    ^ -At  ,  the  time  of  his  reaching  Amb. 

x-2{5  +  y  -2x)  " 

^z    X  -  2(5  +  y  -  2x)  ^20  ^^2  {5  +  y  -  2x)  ^ 

^  x'   x-{5  -^  y  -  2x)        7  x 

During  this  time,  A  will  have  gone  -7-  x  2  (5  +y  -  2x)  miles, 
and  in  10'  more,  at  the  pace  far,  he  will  have  gone  ^  x  far, 
that  is,  altogether,  -^^(5  +  y  -  2a;)  +  /a^  =  «•     (3) 
Put  m  =  5  +  y  -  2a: ; 

then  (1)   -—  =  -(5  -  x),   or  —  =   „„ :     (a) 

^  ^   x-2m     3^         '  X       20 -«       ^  ' 

,        .„.    7z      8m  {x  -  m)     8m     1      .„. 

8m    x-m  1  ^       Sm"       _  8jl0 - 2a;)» 

whence  —  (^  _  g^       ^  "  6  ~  a:(a:  -  2m)  ~  (20  -  x)  3x 

from  (o)  by  [27],  and  a;  =  4,   y  =  3|,   z  =  3 J,  and  whole 
distance  =  space  by  A  in  4  hours  +  f  (5  -  a:)  +  z  =  20  miles. 


25.  2.  Squaring,  we  shall  get  a:*  +  35*-2o(a+6)=2(a  +  5)  V(«*-«*)j 
squaring  again,  and  arranging, 

X*  +  2a;*  (56*  +  2ab)  =  12a6«(a  +  5)  -  95*; 
.-.  {«*+(55*  +  2ab)Y  =  166*  +  32a&''  +  IGa'i'  =  16J*(a  +  6)»;  &c. 

8.  Put  y  =  mx:  then  (i)  a;  =  31  -  4m*,   (ii)  m^x  =  31m*  -  4; 

(ii)        -     3l7n*-4  01    « /        1^     yt  r    i     i\ 

.*.  TTT  =  »»  =  ;;^i — i— ^  I   or  31m*  (m  -  1)  =  4  (m*  -  1) : 
(1)  31  -  4m' 

hence  m  =  1,  Vhich  gives  a;  =  27  =  y : 

or  31m'  =  4(m*  +  m''  +  m*  +  m  +  l),  or  m*-j-l+(m'  +  m)-^m*  =  0, 
a  common  recurring  equation. 


KEY  TO   PART  II.  105 

4.  Put  a:  +  y  =  «*,  x-y  =  i^,  a  =  t^',  then  z  +  t>  =  c,  and 
«'4y*  =  i(2«+c«)  =  J(«*+»')  (z*-z*t;»+t3«)  =  i(c*-2s»)  {(z»+p»)'-32»»«} 
=  i  (c*  -  22t))  (c*  -  4c*«»  +  z»»*),   and  ar*  -  y*  =  zV ; 
hence  (2)  gives  |  (c*  -  2zv)  (c*  -  4c*ztJ  +  zV)  =  (c*  -  zv)', 

whence,  at  once,  by  reduction,  3»*z*  =  c*,  and  »z  =  —^  ; 

.'.  2«=z»+t;»  =  (z+o)  (8»-ztJ  +  »')  =  (zft>)  {(z+o)*-3z»}  =  c(c»-c*V3); 

.'.  x  =  Jo(l-V3),  and  2y  =  z*-t;»=  (z-»)  {(z+tj)*-z»}  =  (2-t>)  (c*--^); 

c« 
to  find  z-v,  we  have  z  +  »  =  c,  z»  =  — - , 

/.  z  and  V  are  roots  of  m*  -  cm  +  —  =  0. 

V3 
c                     4                                              4 
where  »»  =  -  (l  +  V(l  -  -5)},  and  .-.  2  -  »  =  c  ^(1 ), 

.0  that  y  =  ?(l- -1)^(1-1,. 

6.  ^ J?  =  X,  BC=  y,  r  =  rate  of  first  train : 

.*.  -  =  time  to  B,  and  -  +  7'  +  2'  =  (in  hours)  -  4  —  =  time 
r                              r  r     20 

X  -  28 
.    when  the  trains  meet :  and =  time  the  first  train  (A) 

had  been    in  motion    before    the  express   (E)    started: 

ar      3      x-28      3      28      ^.        ,,  ,        , 

.*.  -  +  rr  - =  -xx-^  —  =  tune  E  has  been  in  mo- 

r     20         r         20      r 

3       28 
tion,  and  2r  (^  +  — )  =  ^^r  +  56  =  distance  E  has  gone 

=  y  -  ^qV,  (1)    since   3^0''  is  the  space  A  has  advanced 
towards  C.  in  the  2'  after  leaving  B. 

t/      3 

But  E  describes  y  in  f  hrs;  .*.   J^  =  ;; .  or  y  =  3r:    (2) 

also  time  E  would  take  from  C.  to  A.,  and  back  again,  is 

2(a;  +  y)     ar  +  y     ,,  ^.     .  y  +  28     .,    _,    y  +  28  ,  1     ... 

-\:^  =  -;r=(^yq"estion)^+7'+3'=?^^  +  -,  (3) 

where  y  +  28  is  the  space  A  has  gone  altogether  after 

E.  started;  hence  (1)  and  (2)  iV+56  =  3r-sV>  or  »'  =  21; 

.-.  y  =  3r  =  63,  and  (3)  a;  =  28  +  Jr  =  311. 

«2 
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6.  Let  X  and  y  be  the  increased  Exports  and  Imports  in 
cents:  p,  q  the  original  per  centages  in  millions:  r  the 
original  revenue:  then  (1)  j/  =  nx: 

and  (2)   (p  +  a)  x  +  {q  -  c)  y  =  r  +  m; 

(3)  {p  +  a')  X  +  {q  -  c^)i/  =  r  -i-  m  -  m'; 

{a  -  a')x  +  {(/  -  c)  y  =  m' ; 

m'  m'n 

.*.  since  y  =  nx,  x-  , -, -. — r-,  y=  -, ^^ r-. — r  . 

^  (a-ct')  +  n(c'-c)' *     {a-ci)\n{d-c) 

7.  Let  a;  =  n°  of  sections  =  n°  of  electors :  =  n°  of  votes 

x 

in  each :  y  =  n°  of  sections  returning  electors  favorable 
to  A,  x  -  »/  to  B  :  then 

,     P  ^,  '  , .        ,,  .      .         100000    ,     _,   50000 

in  each  ot  the  y  sections,  the  votes  for  A  are  — ,  for  B,  -= —  ; 

ox  ox 

5000              45000 
•    •     •    •    x-y ,   .    .  : 

X  x 

Now  let  2  =  n°  of  electoral  votes  for  C : 
.•.z  +  (z-3)  +  (z-14)  =  3z- 17  =  whole  n°  of  electoral  votes  =  ar,  (1) 

and  y  =  (x  -  y)  +  z  -  19,   or  x  -  2y  +  z  =  19 :     (2) 
,  50000     .         ^  45000         100000     ,         ,  5000     „^^^     ,„, 

'^y  -^^'^i^-y)-^=y—^^^{.x-y)—-^moo:  (3) 

from  (3)  y  =  fx,   from  (1)  z  =  i(17  +  x),  from  (2)  x=  100, 
y  =  60,  «  =  39. 
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Lund's  Short  and  Easy  Coui-se  of  Algebra,  fcp.  8vo.  (Key.  5s.) 2s.  6d. 

Ecj-nolds's  Elementary  Algebra  for  Beginners,  ISmo.  ( Key,  3d.) Is. 

Scott's  Arithmetic  and  Algebra  for  the  use  of  Sandhurst  College,  8vo 18s. 

Tate's  Algebra  made  Easy,  intended  chiefly  for  the  use  of  Scheols,  12mo.  . .  it. 

Thomson's  Elementary  Treatise,  12mo.  (Key,  Is.  6d.) Ss. 

Wood's  Elements,  for  University  Students,  by  Lmid,  8vo 12s.  6d. 

Lund's  Companion  to  Ditto,  8vo 66. 6d. 

Young's  Blementarj'  Treatise,  12mo.  (Kej',  by  Splller,  6s.) 6». 

AKITHMETIC. 

Colenso's  Arithmetic  for  Schools,  12mo.  (Key,  by  Maynard,  6s.) 48. 6d. 

„        Text-Book  of  Elementary  Arithmetic,  18mo.  (with  Answers,  2s.3d.)  Is.  W. 
jg^  Colenso's  Elementary  Arithmetic  may  bfr  had  in  Five  Parts,  ae  follows  :— 

1.  Text- Book  6rf.  I  3.  Examples,  I't.  II.  Compound  Aritlitiutic  ........  4</. 

2.  Eianiplcs,Pt.I.Stmplf^rtWime<ic4rf.  I  4.  Eiamples,PtIII.jfV(ic«ion«,Z>'a>nfl/s,I>«orf«;i»mZs4d. 

5.  Answers  to  the  Examples,  with  Solutions  of  the  more  diflScult  Questions t5. 

Crosby's  Walkingame's  Tutor's  Assistant,  by  Maynard,  12mo.  (Kej',  3s.  6d.)  2s. 
Galbraitli  and  Haughton's  Manual  of  Arithmetic,  12mo.  2s. ;  cloth   .........  2s.  6d., 

Hiley's  Arithmetical  Companion,  18mo.  (Key,  Is.  6d.) 23. 

Hughes's  Manual  of  Aritlmietic,  fop.  Svo.  (with  Key,  3s.  6d.)  Is.  W. 

Joyce's  System  of  Practical  Arithaetic,  by  Maynaid,  12mo.  (Key,  8s.) 3s. 

Lardner's  Treatise  on  Arithmetic,  fcp.  Svo Ss.  6d. 

M'Leod's  Course  of  Arithmetic.il  Questions,  2  parts,  12!bo;  each Is. 

„        Manual  for  Elementary  Instruction,  ISrao U. 

„        Extended  Multiplication  .and  Pence  Tai)lesv  per  do^ea  &, 

MoUneux'  s  Aritlimetic,  2  parts,  lixao.  each  ( Keys»  Stsuence  each)  3s.  6d. 

Scott's  Arithmetic  and  Algebia  for  the  use  of  Sandhurst  College,  8vo IGs. 

„      Decimal  Arithmetic  for  the  use  of  Schools,  12mo ., 4». 

Tate's  Treatise  on  the  First  Principles  of  Arithmetic,  12mo. ., Is.  6dL 

„     Mental  Arithmetic  for  Teachers,  Svo ]jj, 

Tate  On  the  New  Coinage  in  relation  to  our  School  Aritluttetic»»  X2um) M; 
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ASTEONOMY,  METEOROLOGY,  and  NAVIGATION. 

Arago's  Popular  Astronomy,  translated  by  Sm%-th  and  Grant,  Vol.  I.  8vo.  .  .218, 
Meteorological  Essays,  trans.underCol.Sabine's  superintendence.Svo.lSs. 

Galbraith  and  Haughton's  Manual  of  Astronomy,  12ino 28. 

Herschel's  Treatise  on  Astronomy,  fcp.  Svo 3s.  6d. 

„        Outlines  of  Astronomy,  Svo 18b. 

Jeans'8  Problems  In  Astronomy,  Survej-ing,  and  Navigation,  12mo 6e. 

„      Handbook  for  the  Stars  of  the  First  and  Second  Magnitude,  Svo.  . .  3s.  6d. 
Tate's  Astronomy  and  the  Use  of  the  Globes,  for  Beginners,  ISmo Is. 

ATLASES. 

Brewer's  Elementary  Atlas  of  History  and  Geography,  royal  Svo 128.  6d. 

Butler's  Atlas  of  Ancient  Geography,  royal  Svo 12s. 

„       Junior  Ancient  Atlas,  royal  Svo 4».  6d. 

„       General  Atlas  of  Modem  and  Ancient  Geography,  royal  4to Ua. 

„       Atlas  of  Modem  Geography,  royal  Svo 12s. 

„       Junior  Modem  Atlas,  royal  Svo 4s.  6d. 

„       Outline  Geographical  Copy-Books,  Ancient  and  Modem,  each te. 

Hall's  First  or  Elementary  Atlas  of  10  coloured  Maps,  oblong  4to Is  6d. 

„     Map- Projections,  Is. ;  Hall's  Outline  Maps Is. 

Hughes's  General  Atlas  for  Elementary  Schools,  ISmo.  (coloured.  Is.  6d.)  . .  Is. 

„       Introductory  Atlas  of  Modem  (Jeography,  12mo 28, 6d. 

„       Atlas  of  Physical,  Political,  and  Commercial  Geography,  royal  Svo.lOs.  6d. 

„       School  Atlas  of  Physical  Geography,  12mo Is.  6d. 

M'Leod's  Scripture  Atlas,  Part  I.  4s.;  Part  II.  3s. ;  or  complete,  royal  Svo.  7s. 
„        Hand- Atlas  of  General  Geography,  29  full-coloured  Maps,  ISmo. . .  28. 6d. 
„        Class- Atlas  of  Physical  Geography,  20  colotired  Maps,  &c.  ISmo. . .  28. 6d. 
„        Physical  Atlas  of  Great  Britain  and  Ireland 

BIOGKAPHY. 

Arago's  Lives  of  Distinguished  Scientific  Men,  Svo 

Maunder's  Biographical  Treasurj-,  fcp.  Svo lOs. 

Merivale's  Life  and  Letters  of  Cicero,  12mo 9s.  6d. 

Stepping-Stone  to  Biography,  in  Question  and  Answer,  ISmo Is. 

Wheeler's  Life  and  Travels  of  Herodotus,  2  vols,  post  Svo 2l8. 

BOOK-KEEPING. 

Isbister's  Elements,  by  Single  and  Double  Entry,  ISmo Is. 

„        Set  of  Eight  Account-Books  adapted  to  the  above,  each 6d. 

CALCULUS  and  LOGARITHMS. 

Carmichael's  Treatise  on  the  Calculus  of  Operations,  Svo 9b. 

Farley's  Tables  of  Six-figure  Logarithms  &x)m  1  to  10,000,  post  Svo 4s.  6d. 

Tate's  Principles  of  the  Diflerential  and  Integral  Calculus,  12mo 48. 6d. 

CHEMISTRY. 

Marcet's  Conversations  on  Chemistry,  2  vols.  fcp.  Svo 14s. 

Tate's  Outlines  of  Experimental  Chemistrj-,  12mo.  Is.  6d. ;  ISmo. Is. 

Thomson's  School  Chemistry,  fcp.  Svo 78. 
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CHBONOLOGT. 

Blair's  Clirouological  and  Historical  Tables,  edited  by  Sir  H.  Ellis    Sis.  6U. 

Brewer's  Poetical  Chronology  of  Inventions,  Discoveries,  Battles,  &c.,  12mo.  3s.  6d. 

„       Elementary  Atlas  of  History  and  Geography,  royal  8vo 12s.  6d. 

Hort's  Introduction  to  Chronology  and  Ancient  History,  18mo 4s. 

Hewlett's  Tables  of  Chronology  and  Regal  Genealogies,  4to 5s.  6d. 

„         Metrical  Chronology,  post  8vo 7s. 

Jaqnemet's  Compendium,  edited  by  the  Rev.  J.  Alcorn,  M.A.,  post  8vo 78. 6d. 

Nicolas's  Clironology  of  History,  fcp.  8vo 3s.  6d. 

School  Chronology,  or  the  Great  Dates  of  Historj',  square  12mo Is. 

Slater's  School  Chronology,  or  Sententiae  Chronologicae,  12mo 3s.  6d. 

„       ColouredChronologicalCharttoaccompanytheabove(onroUer,9s.6d.)  6s. 
Valpy's  Poetical  Chronology  of  Ancient  and  English  History,  12mo 28. 6d. 

Cnni  LAW  and  POLITICAL  ECONOMY. 

Humphreys'sManualof  Civil  Law,  for  Schools  and  Candidates,  fcp.  8vo Ss.Bd. 

„                 „         Political  Science,  for  School  s&  Candidates,  fcp.  8vo.  38. 6d. 
Marcet's  Conversations  on  Political  Economy,  fcp.  8vo Ts.  6J. 

CLASSICAL  DICTIONARIES  and  MYTHOLOGY. 

Barker's  Lempridre's  Classical  Dictionary,  edited  by  Dr.  Cauvin,  8vo 12s. 

Hort's  New  Pantheon,  or  Introduction  to  Mythology,  18mo 4s.  6d. 

Lemprifire's  Classical  Dictionary,  8vo 9s. 

Rich's  Illustrated  Companion  to  the  Latin  Dictionary  and  Greek  Lexicon, 
with  upwards  of  2,000  Wood  Engravings,  post  8vo 21s. 

CONCHOLOGY. 

Catlow's  Popular  Conchology,  or  the  Shell  Cabinet  arranged,  post  8vo Us. 

COPY-BOOKS. 

M'Leod's  Graduated  Series  of  Nine  Copy-Books,  each 3d. 

DBAWING-BOOKS,  &c. 

Malan's  Aphorisms  on  Drawing,  post  8vo 3s.  6d. 

Tate's  Drawing  for  Schools,  with  numerous  Illustrations  and  Exercises,  4to.  5s.  6d. 
„     Drawing-Book  for  Little  Boys  and  Girls,  with  130  Exercises,  4to Is.  6d. 

ENGLISH  COMPOSITION  and  ELOCUTION. 

Brewer's  Guide  to  English  Composition,  fcp.  8vo 5s.  6d. 

Graham's  English,  or  the  Art  of  Composition,  fcp.  8vo 6s. 

HUey's  English  Composition,  Pabt  I.  or  Junior  Series,  18mo.  (Key,  2s.  6d.)   Is.  6d. 

„      Practical  English  Composition,  Part  II.  18mo 3s. 

Morell's  Handbook  of  Logic,  for  Schools  and  Teachers,  fcp.  8vo 2s. 

Parker's  Progressive  Exercises  in  English  Composition,  12mo Is.  6d. 

Boget's  Thesaurus  of  English  Words  and  Phrases  classified,  crown  8vo . . .  .IDs.  6d. 
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EDUCATION  in  GENEEAL. 

Domestic  Economy,  Housekeeping,  Cookery,  &c.  (in  Clew's  Serie»\  18mo.. .  Is. 

Pillans's  Contributions  to  tlie  Cause  of  Education,  8vo 12s. 

Stow's  Training  System,  &c.,  for  Trainers  and  Governesses,, post  8vo 6s. 

Sydenham's  Notes  of  Lessons,  ISmo 3s. 

Tate's  Pliilosophy  of  Education,  or  Principles  &e.  of  Teaching,  fcp.  8vo Cs.  6d. 

ENGLISH  DICnONAEIES. 

Maunder's  Treasury  of  Knowledge  and  Library  of  Referejice,  fcp.  8vo lOs. 

Smart's  Walker's  Pronounoing  Dictionary  Itemodelled,  Svo ISs. 

„  „  „  „  Epitomised,  I6mo 6s. 

Sullivan's  Dictionary  of 'Derivations,  12mo 28. 

„  ,,  „    the  English  Language,  12mo 3s.  6d. 

ENGLISH  ETYMOLOGY. 

Black's  Student's  Maimal {Ofetl),  18mo.  2s.  6d. ;  Sequel  [latin),  ISmo 5s.  6d. 

Uoss's  Etymological  Manual  of  the  Englisli  Language,  ISnao 6d. 

ENGLISH  GRAMMARS  and  EXERCISE-BOOKS. 

Downe'g  (Viscount)  Elementary  English  Grammar,  18mo. Is. 

Hiley's  English  Grammar  and  Style,  12mo Ss.  6d. 

„      Abridgment  of  English  Grammar,  ISmo Is.  9d. 

„      Child's  First  English  Grammar,  ISmo Is. 

„      Exercises  adapted  to  the  English  Grammar,  12mo.  (Key,  3s.) 2s.  6d. 

Hunter's  Text-Book  of  English  Grammar,  12mo 2s.  6d. 

M'Lcod's  Explanatory  English  Grammar,  for  Beginners,  ISmo Is. 

Marcet's  Game  of  English  Grammar,  with  Conversations,  post  Svo 8s. 

„       Mary's  Grammar,  interspersed  with  Stories,  ISmo Ss.  6d. 

„       Willy's  Grammar,  intersi»rsed  with  Stories,  ISmo 2s.  6d. 

MoreU's  Analysis  of  Sentences  explained  and  illustrated,  12mo 2s. 

„        Essentials  of  English  Grammar  and  Analysis,  fop.  Svo 8d. 

„        Essentials  of  Fhiglifh  Grammar, n»mo.  Part  I.  2d. ;  Part  II 8d. 

Smart's  Course  of  English  Grammar,  Rhetoric,  Logic,  &c.  5  vols.  12mo 23s.  6d. 

Stepping-Stone  to  English  Grammar,  in  Question  and  Answer,  ISrao. !■. 

Sullivan's  Attempt  to  Simplify  English  Grammar,  ISmo Is. 

ENGLISH  PARSING. 

Himter's  Exercises  in  'English  Parsing,  12mo Gd. 

Lowres's  System  of  English  Parsing  and  Derivation,  18mo Is. 

ENGLISH  POETRY. 

Connon's  Selections  from  Milton's  Paradise  Lost,  12mo , . .  3s.  6d. 

Cook's  First  Poetrs'-Book  for  Elementary  Schools,  ISmo 9d. 

„       Selection  of  School  Poetrj-,  with  short  Notes,  12mo 2s. 

Graham's  Studies  fi'om  the  English  Poets,  or  Poetical  Heading-Book,  12mo.  7s. 

Hughes's  Select  Specimens  of  English  Poetry,  12mo 3s.  Gd. 

M'Leod's  Second  Poetical  Reading- Book,  12mo Is.  8d. 

PaUiser's  Modern  Poetical  Siieaker,  cliieHy  for  Ladies'  Schools,  12mo 6s. 
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ENGLISH  READIKO-BOOES. 

Hughes's  Graduated  Reading-Lesson-Books,  fcp.  8vo.  3  Sbsixs,  each Ss.  6d. 

„         Select  Specimens  of  English  Prose,  12mo 48. 6d. 

Jones's  Liturgical  Class-Book,  from  the  best  authorities,  12mo Is.  6d. 

lI'Leod's  First  Book  to  teach  Reading  and  Writing,  18mo 6d. 

.,  „     Beading-Book,lSmo.3d.;  orasBeading-Lessons,in30Sheets  38. 

Mann's  Lessons  in  General  Knowledge,  fcp.  8vo Ss.  6d. 

Alaunder's  Universal  Class-Book  for  Every  Day  in  the  Year,  12mo 5s. 

Pycroft's  Course  of  English  Reading,  fcp.  8vo Ss. 

Sew  ell's  School  Speaker  and  Holiday  Task-Book,  12mo 68. 

Simple  Truths  from  Scripture,  in  Easy  Lessons,  ISmo 6d. 

Smart's  Historico-Shakspearian  Readings,  12mo 6g. 

Sullivan's  Literary  Class-Book,  or  Readings  in  Literature,  12mo 2s.  Cd. 

ENGLISH  SPELLING-BOOKS. 

Carpenter's  Scholar's  Spelling  Assistant,  12mo. Is.  6d. 

„  „  „  „  edited  by  M'Leod,  12mo Is.  6d. 

Homsey's  Pronouncing  Expositor,  or  New  Spelling-Book,  12mo 2s. 

Mayor's  English  Spelling-Book,  Genuine  Edition,  12mo Is.  6d. 

Sullivan's  English  Spelling-Book  Superseded,  18mo Is.  4d, 

ENGUSH  STNONYMES,  &c. 

Graham's  English  Synonymes,  classified  and  explained,  fcp.  8vo 7s. 

Roget's  Thesaurus  of  English  Words  and  Phrases,  crown  8vo 10s.  6d. 

EUCLID. 

Colenso's  Elements  of  Euclid,  from  Simson's  Text,  18mo.  (with  Key,  6s.  6d.)  48. 6d. 

„        Geometrical  Problems  (without  Key,  Is.),  with  Key,  18mo 3s.  6d. 

Galbraith  and  Haughton's  Manual  of  Euclid,  Books  I.  and  II.  12mo Is. 

Tate's  First  Three  Books  of  Euclid's  Elements,  12mo.  Is.  6d. ;  ISmo Is. 

FOETIFICATION  AND  THE  YILITAEY  ABT. 

Hodse's  Catechism  of  Fortification,  for  Students  and  Candidates,  12mo 2s.  6d. 

MacdougaU's  Theory  of  War,  post  Svo.  with  Plans  of  Battles 10s.  6d. 

FBENCH  GRAMMABS  and  EXEBCISE-BOOKS. 

Albitis'  How  to  SpeaK  French,  12mo 4s.  6d. 

Cambier's  Sandhurst  College  French  Grammar,  12mo 58. 

Contauseau's  Compendious  Grammar  of  the  French  Language,  12mo 4s. 

„  Guide  to  French  Translation,  12mo Ss.  6d, 

Hamel's  Xew  Universal  French  Grammar,  12mo 4s. 

„       Grammatical  Exercises  on  the  French  Language,  12mo.  (Key,  Ss.)  48. 

„       French  Grammar  and  Exercises,  by  Lambert,  12mo.  (Key,  4s.) 58. 6d. 

Sadler's  French  Pronunciation  &  Conversation,  in  Question  &  Answer,  18mo.  Is. 

Tarver's  Eton  French  Grammar,  12mo Ss. 

n          „          „       Exercises,  Familiar4Conversational,12mo.(Key,  Ss.)  3s.  6d, 
„        French  Phraseology  explained  and  compared,  12mo 3s. 

London  :   LONGMAN,  BROWN,  GREEN,  LONGMANS,  and  ROBERTS. 
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FEENCH  DICTIONAKIES. 

Contanseau's  New  Practical  French  and  En^'lish  Dictionary,  post  Svo 10s.  6d. 

Nugent'sPocket Dictionary ofFrench&Ensl.Languages,18mo.4s.6a.;  12mo.  78. 6d. 
Tardj's  French  Pronouncing  Dictionary,  12ino 7g. 

FRENCH,  ITALIAN,  and  GERMAN  EEABING-BOOZS. 

Cambier's  Sandhurst  College  French  Reading-Book  or  Recueil,  12mo 5s. 

Charente's  French  Grammar,  Exercises,  and  Reading-Book 

Contanseau's  Prosateurs  et  PoStes  Fran?ai3,or  Selections  from  FreuchTiVriters  7s.  Gd. 
Extraits  Choisis  from  Modem  French  Writers,  by  the  Author  oi  Amy  Herbert 
Lacaita's  Italian  Reading-Book,  or  Selections  from  best  Italian  Writers,  12mo.  5s. 

Metcalfe's  History  of  Gferman  Literature 

Mailer's'  German  Reading-Book  

Rowan's  Morceaux  choisis  des  Anteurs  Modemes,  &  I'usage  de  la  Tennesse  Ss. 
Tarver's  Eton  French  Reading-Book,— Prose,  Verse,  and  Phraseology,  12mo.  78. 6d. 

„         Choix  en  Prose,  12mo.  3s.  6d. ;  Oioix  en  Vers,  ISmo 8s.  6d. 

Wintzer's  First  German  Reading-Book,  for  Beginuers,  fcp.  8vo 68. 

6BEEZ  CLASSICAL  AUTHOBS,  &c. 

Akistotle's  Politics,  with  English  Notes,  &c.,  edited  by  Eaton,  8vo "10s.  6d. 

EraiPiDES,  the  5  Plays,  with  English  Notes  by  Mtyor,  post  8vo 4*8. 

Hkbodotus,  with  English  Notes,  Jtc,  edited  by  Stocker,  2  vols,  post  8vo. . .  ISs. 

HoiTER's  Iliad,  with  English  Notes,  &c.,  edited  by  Valpy,-8vo Ifls.  6d. 

Linwood's  Antbologia  Oxoniemis  (Greek,  Latin,  and  English},  8vo 14s. 

„         Treatise  on  the  Greek  iletres,  8vo 108.6d. 

Sophocles,  with  English  ^otes,  ic.,edited  by  Brasseandothers,2vol8.p.8vo.  848. 

„  edited,  with  short  Latin  Notes,  by  Llnwood,  8vo 16b. 

Theatre  of  the  Greeks,  edited  by  Donaldson,  8vo ....15s. 

Walford's  Handbook  of  the  Greek  X>rama,  fcp.  8vo 88. 

Xbkophos's  Anabasis,  with  English  Notes,  &c.,  edited  by  Wliite,  12mo.  . .  7s,  6d. 

„  Memorabilia,  with  English  Notes,  &c.,  edited  by  Hickie,  p.  8va  8s.  6d. 

GREEK  GRAMMARS,  EXERCISE-BOOKS,  &c. 

Collis's Praxis  Grseca,  I.i^f.vmo?oi7y,2s.6d. ;  II.S.VMtox.Gs.;  llI.Accentuationos. 

„  „      lambica :  Exercises  in  Greek  Tragic  Senarii 

Howard's  Introductory  Greek  Exercises,  12mo.  (Key,  2s.  6d.) 9s. fid. 

Kennedy's  Greek  Grammar  (Grsecse  Grammaticae  Institutio  Prima),  12mo. .  4s.  6d. 

„        Palsstra  Stili  Greeoi,  or  Qreek  Prose  Materials,  12mo. 

„  „       Musarum,  or  Greek  Verse  Materials,  12mo 58. 6d. 

Moody's  New  Eton  Greek  Grammar,  in  English,  IBlao 4s. 

Pycroft's  Greek  Grammar  Practice,  12mo Ss.  6d. 

Valpy's  Elements  of  Greek  Grammar,  with  Notes,  8vo 6s.  Gd. 

„       Greek  Primitives  and  Leading  Words,  12mo 6s. 

Valpy's  Greek  Delectus,  improved  by  White,  12mo.  (Key,  2s.  Gd.) 4s. 

„       Second  Greek  Delectus,  or  New  Analecta 'Minora,  8vo %.  Gd. 

Walford's  Card  of  the  Greek  Accidence,  8vo.  Is. ;  of  the  Greek  Prosody,  Svo.  Is. 

„  „       „  „     Accents,  hth  Edition   6d. 

Yonge's  Exercises  in  Greek  Prose  Composition,  12mo.  (Key,  Is.) Ss.  6d. 

GREEK  LEXICONS,  &C.  («««  "Latin  and  Greek"). 
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OE06BAFHT,  6AZETTEEBS,  &c 

Adams's  Gco^-aphical  Word-Expositor,  Second  Edition,  12mo 2s.  Gd. 

Arrowsmith's  Geographical  Dictionary  of  the  Holy  Scriptures,  8vo 15s. 

Bowman's  Questions  on  Hall's  First  or  Elementary  Atlas 28. 

Butler's  Ancient  Geography,  post  Svo.ls.;  Butler's  ModemGeography,iX)st8vo.  4s. 

„       Modem  and  Ancient  Geography  complete,  post  8vo 7s.  6d. 

Cabinet  Gazetteer,  by  the  Author  of  the  Cabi/tet  Lawyer,  fcp.  Svo 10s.  6d. 

Challener's  Catechism  of  English  Descriptive  Geography,  18mo Is.  9d. 

Cunningham's  Abridgment  of  Sutler's  Geograpki/,  fcp.  Svo 28. 

DowUng's  Introduction  to  Goldsmith's  Geoffraphy,  18mo 9d. 

„         Questions  on  Goldsmith's  Geography,  ISmo.  (Key,  9d.) 9d. 

Falmouth's  Conversations  on  Geography,  or  Child's  First  Introduction,  fcp.  7s.  Cd. 

Goldsmith's  Grammar  of  General  Geographj-,  fcp.  Svo.  (Key,  ISmo.  Is.) 3s.  6d. 

Hartley's  Geography  for  Youth,  12mo.  (Outlines,  18mo.  9d.) 4s.  6d. 

Hiley's  First  Geography  for  the^lemeutarj-  Classes,  ISmo M. 

„       Progressive  Geography,  in  Lessons  and  Exercises,  12mo 2s. 

Hughes's  (E.)  Geography  for  Elementarj-  Schools,  ISmo Is. 

„  Outlines  of  Physical  Geography,  12mo 3s.  6d. 

„  Examination-Questions  on  Physical  Geography,  fcp.  Svo 6d. 

„       ,    Outlines  of  Scripture  Geography  and  Historj- 4s.  6d. 

Hughes's  CW.)  Manual  of  Geography,  Physical,  Industrial,  and  Political   . .  7s.  Gd. 

„  „        British  Geography,  fcp.  Svo 2s. 

„  „        Mathematical  Geography,  fcp.  Svo 43.  Gd. 

„  (Jeneral  Geography,  in  Gleig's  School  Series,  ISmo Is. 

„  British  Geography,  in  Gleig's  School  Series,  ISmo Is. 

„  Cliild's  First  Geography,  in  Gleig't  School  Series,  18mo 9d. 

Johnston's  New  General  Gazetteer  of  the  World,  Svo 36s. 

Keith  On  the  Globes,  by  Taylor,  LeMesurier,  and  Middleton,  12mo.(Key,28.6d,)  €s.  6d. 

M'Leod's  Geography  of  Palestine  or  the  Holy  Land,  12mo Is.  6d. 

„         Travels  of  St.  Paul,  12me 

„         Geography  of  Old  Testament  Countries  {ejccepting Palestine),  12mo. 

Mangnall's  Compendium  of  Geography,  for  Schools,  12mo 7s.  Gd. 

Maunder's  Treasurj-  of  Geography,  completed  by  W.  Hughes,  fcp.  Svo 10s. 

Stepping-Stone  to  Geography,  in  Question  and  Answer,  18mo. Is. 

Sterne's  School  Geography,  Physical  and  Political,  12mo 3s.  Cd. 

Sullivan's  Geography  Generalised,  12mo 2s. 

„        Introduction  to  Geography  and  History,  18mo Is. 

Wheeler's  Geography  of  Herodotus  developed,explained,  and  illiistrated,8T0.1Ss. 

GEOMETRY. 

Lund's  Geometry  as  an  Art,  with  Easy  Exercises,  fcp.  Svo 2s. 

„  „  a  Science,  with  Easy  Exercises,  fcp.  Svo Is.  6d. 

Narrien's  Elements  of  Geometry,  for  Sandhurst  College,  Svo lOs.  6d- 

Tate's  Principles  of  Geometry,  Mensuration,  Trigonometry,  &c.,  12mo Ss.  6d. 

GRADUSES. 

Brasse's  Greek  Gradns,  or  Prosodial  Lexicon,  8vo las. 

Maltby's  New  and  Complete  Greek  Gradns,  Svo 21s. 

Yonge's  New  Latin  Gradus  ad  Pamassnm,  post  8vo.  (-with  Epiihets,  128.)  . .  9s. 
„       Dictionarj'  of  I.atin  Epithets,  post  Svo 38. 6d. 

London :   LONGMAN,  BROWN,  GREEN,  LONGMANS,  and  BOBERTS. 


HISTOBICAL  and  MISCELLANEOUS  SCHOOL-BOOKS. 

Anthony's  Footsteps  to  Modem  History,  fcp.  8vo 5s.  6J. 

Balfour's  Sketches  of  English  Literature  7s. 

lirewer's  Elementary  Athis  of  History  and  Geography,  royal  8vo 12s.  6d. 

Browne's  Ancient  Greece,  18mo.  Is.;  Browne's  Ancient  Rome,  18mo Is. 

Burton's  History  of  Scotland,  from  1689  to  1718,  2  vols.  8vo 26s. 

Child's  Fiist  History  of  Rome,  fcp.  8vo 2s.  6(1. 

Comer's  Historical  Questions,  or  Sequel  to  MangnalVs,  12mo 5s. 

Farr's  School  and  Family  History  of  England,  12mo 5s.  6d. 

First  History  of  Greece,  by  Author  of  the  Child's  First  History  o/Bo)»«,fcp.8vo.  3s.  6d. 
Gleig's  England,  or  First  Book  of  History,  18rao.  (cloth,  28.  6d.) 2s. 

„      British  Colonies,  or  Second  Book  of  History,  18mo Is. 

„  „       India,  or  Third  Book  of  Historj-,  18mo Is. 

„      Sacred  History,  or  Fourth  Book  of  History,  ISmo.  (cloth,  28. 6d.)  . .  2s. 

Historical  Questions,  Part  I.  On  the  above  Four  Histories,  18mo Is. 

Gleig's  France,  18mo Is. 

Gurney's  Historical  Sketches,  Second  5e7-je«,  St.  Louis  and  Henri  rV.,fcp.8vo.  6s. 

Keightley's  Outlines  of  History,  fcp.  8vo 3s.  6d. 

Mackintosh's  England,  2  vols.  8vo 218. 

Mangnall's  Historical  and  Miscellaneous  Questions,  12mo 4s.  6d. 

Mann's  Lessons  in  General  Knowledge,  or  Elementary  Reading-Book,  fcp.  8vo.  3s.  6d. 

Marcet's  Conversations  on  the  History  of  England,  18mo 68. 

Maunder's  Historical  Treasui-y,  fcp.  8vo lOs. 

Menzies"  Analysis  of  the  Constitution  and  History  of  England,  18mo Is. 

Merivale's  Romans  under  the  Empire,  Vols.  I.  to  III.  Svo.  42s.;  Vols.  IV.  &V.  328. 

„         Fall  of  the  Roman  Empire,  12mo 7s.  6d. 

Mure's  Language  and  Literature  of  Ancient  Greece,  .S  vols.  8vo.  36s. ;  Vol.  IV.  15s. 
Schmitz's  Greece,  mainly  based  on  Thirlwall's,  12mo.  with  137  Woodcuts. . .  7s.  6d. 

Scott's  Scotland,  2  vols.  fcp.  8vo 7s. 

Stafford's  Compendium  of  Universal  History,  12mo Ss.  6d. 

Stephen's  Lectures  on  the  History  of  France,  2  vols.  8vo 24s. 

Stepping-Stone  to  English  Historj-,  in  Question  and  Answer,  18mo Is. 

„  „  French  History,  in  Question  and  Answer,  ISmo Is. 

„  „  Roman  Historj-,  in  Question  and  Answer,  ISrao Is. 

Sterne's  Questions  on  Generalities,  1st  &  2d  Series,  12mo.  each  (Keys,  ea.  4s.)  2s. 

Thirlwall's  History  of  Greece,  8  vols.  8vo.  £3 ;  or  in  8  vols.  fcp.  8vo. .  28s. 

Turner's  Anglo-Saxons,  3  vols.  8vo 86s. 

„        England  during  the  Middle  Ages,  4  vols.  8vo 50s. 

Tj-tler's  Elements  of  General  Histoo'i  8vo Us. 

Valpy's  Latin  Epitome  of  Sacred  Histoi-j-,  18mo 23. 

JUVENILE  WOEKS. 

Journal  kept  during  a  Summer  Tour  Abroad,  fcp.  8vo 5s. 

Marcet's  Rich  and  Poor,  ISmo Is. 

„       Seasons,  or  Stories  for  very  Young  Children,  4  vols.  ISmo.  each —  2s. 

„       Willy's  Holidays,  or  Conversations  on  Government,  ISmo 2s. 

,1  „        Stories  for  Young  Children,  ISmo 28. 

„  „        Travels  on  the  Railroad,  18mo 2s.  6d. 

London  :   LONGMAN,  BROWN,  GREEN,  LONGMANS,  and  ROBERTS. 


LMfD-STTRVEYING  and  JCEKSUBATZOK. 

Lund's  Elements  of  Geometry  and  Slensuration,  fcp.  Svc 

Jfesbit's  Treatise  on  Practical  Laiid-Sun-eying,  >vith  260  Bxaini^,  8vo ISb. 

„  „  „         Mensuration,  12mo.  f  Key,  Ss.)  6b. 

Scott's  Mensuration  and  Trigouemetrj-,  for  Sandhurst  College,  8vo 9s. '6d. 

Tate's  Principles  of  Mensuration,  Land-Sorveying,  Levelling,  &c,  ISmo 8s.  6d. 

LATIN  GRAMMAES,  EXEECISE-BOOKS,  &c. 

Barrett's  Little  Arthur's  Latin  Primer,  12mo Is. 

„       Latin  Exercises  for  the  Lowest  Term,  ISmo. Ss.  Gd. 

Bradley's  New  Latin  Prose  Exercises,  12mo.  (Key,  5s.) Ss.  6d. 

CoUis'sPraxisLatina, Pt.I.  forBe^(m?CT-s,2s.6d.;  Vt.U.  ^ AdcanceSPupils  3s. 

Hiley 's  Elements  of  Latin  Ch^mmar,  12mo 3s. 

„      Progressive  Exercises  on  Latin  Accidence,  l&no '28. 

Hotrard's  Introductory  Latin  Exercises,  12mo &.  6d. 

„  Latin  Exercises  Extended,  12mo.  (Key,  2s.  6d.) Ss.  6d. 

Keimedy's  Elementarj'  Grammar  of  the  Latin  Language,  r2mo 3s.  6d. 

'  Latin  Vocabularj",  on  Etymological  Principles,  12mo 3s. 

Child's  Latin  Primer,  or  First  Lessons,  ISmo. 2s. 

Tirocinium,  or  First  Latin  Reading-Book,  12mo 2s. 

PaUestra  Latina,  or  Second  Latin  Reading-Book,  12rao Ss. 

„         Stili  Latini,  or  Latin  Prose  Materials,  12mo 6s. 

Examples  of  Latin  Style  for  Oral  Use,  12mo 

Palffistra  Camenamm,  or  Latin  Verse  Materials,  12mo 

Bbody's  New  Eton  Latin  Grammar,  in  English,  12mo.  (Accidence,  Is.)  2s.  6d. 

Pycroft's  Latin  Grammar  Practice,  12mo 2s.  6d. 

Rapier's  Second  Latin  "Verse-Book,  by  Arnold,  12mo.  (Key,  2s.  6d.)   3s.  Cd. 

Valpy's  Elements  of  Latin  Grammar,  ivith  short  English  Notes,  12mo 2s.  Cd. 

„       Elegantiffi  Latine,  12mo.  (Key,  2s.  6d.)    4s.  6d. 

„       Latin  Delectus,  improved  by  White,  12mo.  (Key,  8b.  6d.)  '28.  fid. 

„       Manual  of  Latin  Etymology,  fcp.  4to Vs. 

„       Sacrae  HistoriEC  Epitome,  with  English  Notes,  Kmo 2b. 

Walford'sLatinElegiacs,2Series,12mo.each2s.6d.;  KeytoPintSeriei,tbno. 5s. 

„         Shilling  Latin  Grammar,  12mo Is. 

„         Grammar  of  Latin  Poetry,  12mo f. Is. 

„         Hints  on  Latin  Writing,  royal  8vo Is.  6d. 

„         Exercises  in  Latin  Prose,  adapted  to  1Jie  above  Bints,  ISmo "28.  6d. 

„         Card  of  Latin  Accidence,  Svo Is. 

„  „  „     Prosody,  Is. ;  Walford's  Card  of  Latin  Syntax Is. 

WTiite's  New  Latin  Grammar,  complete,  12mo „_ :9s.  63. 

„        Latin  Accidence,  12mo.  Is. ;  White's  Eton  Latin  Grammar,  12mo.  Is.  9d. 

„        Second  or  Larger  Latin  Grammar,  l^no Is.  6d. 

Wilkins's  Notes  for  Latin  LjTics,  for  the  use  of  Schools,  12mo is:  8d. 

Yonge's  Exercises  for  Latin  Verses  and  Lyrics  out  of  "  Own  Sense,"  ISmo. .  4s.  6d. 

.„  „         in  Latin  Prose  Composition,  12mo.  (Key,  Is.) 5s.  6d. 

Zumpt's  I/atin  Grammar,  translated  and  adapted  by  Dr.  L.  Schtoiti,  8to 14s. 

School  Grammar  of  the  Latin  Language,  by  the  same,  12mo 48. 


London:  LONGMAN,  BEOWX,  GREEiV,  LONGMANS,  and  ROBERTS. 


LATIN  and  GBEEK  LEXICONS,  DICTIONABIES,  &c. 

Bloomfield's  Greek-English  Lexicon  to  tlie  New  Testament,  fcp.  8vo 10s.  6cl. 

Englishman's  Greek  Concordance  of  the  New  Testament,  royal  8vo 42s. 

Eich's  Illustrated  Companion  to  theLatin  Dictionary  and  Greek  Lexicon,  p.Svo.  21s. 
Riddle's  Latin-English  and  English-Latin  Dictionary,  8vo.  21s.;  andsq.12mo.12s. 

„      Diamond  Latin-English  Dictionarj',  royal  32mo 4s. 

„      Copious  and  Critical  Latin-English  Lexicon,  4to 3l8.  6d. 

„      Latin-English  Dictionary,  8vo.  15s. ;  square  12mo Ts. 

„      English-Latin  Dictionary,  8vo.  7s. ;  square  12mo 5s.  6d. 

„      and  White's  New  Latin-English  Dictionary,  royal  8vo 

„      and  Arnold's  English-Latin  Lexicon,  8vo 25s. 

„  „  English-Latin  Dictionary,  by  Ehden,  square  post  8vo.  10s.  6d. 

Robinson's  Greek-English  Lexicon  to  the  New  Testament,  8vo 18s. 

Rest  and  Palm's   Edition  of  Passow's   Greek   Lexicon,  translated  by 

Fradersdorff",  and  edited  by  Riddle  and  White 

Yonge's  Dictionary  of  Latin  Epithets,  post  8vo Ss.  6d. 

„      New  English-Greek  Lexicon,  4to 21s. 

„      Latin  Gradus,  post  8vo.  9s. ;  or  with  Appendix  of  Epithets 12s. 

LATIN  CLASSICAL  ATTTHORS. 

CasAE's  Commentaries,  with  English  Notes,  &c.  by  Anthon,  12mo 4s.  6d. 

I,  „  Anthon's  Edition,  as  above,  Improved  by  Hawkins,  12mo.  4s.  6d. 
Cicero's  Select  Orations,  with  English  Notes,  by  Anthon,  12mo Cs. 

„  Cato  Major  and  Lceliiis,  with  English  Notes,  &c.  by  White,  12rao.  3s.  6d. 
CoRirKLrrsNEPOS,EnglishNotes,&c.byBradley,improvedby  Wlute,12mo.  3s.  6d. 
EuTEOPius,  with  English  Notes,  &c.  by  Bradley,  improved  by  Wliite,  12mo.  2s  6d. 
Horace,  withEnglisli  Notes  by  the  Rev.  J.  E.  Yonge,  Part  I.  Odes  and  Epodes 

„       English  Notes  and  Strictures,  by  Girdlestorfe  and  Osborne,  12mo. .  7b.  6d. 

„        with  short  English  Notes,  by  Valpy,  18mo 6s. 

LrvT,  the  First  Five  Books,  with  English  Notes,  &c.  by  Hickie,  post  8vo. . .  8s.  6d. 
OviD'sifetamorp/ioses,  Engl.  Notes,  &o.  by  Bradley,  improved  by  White,12mo.  4s.  6d. 
Ovid  and  Tibuxltjs,  the  Eton  Selection,  with  English  Notes  by  Valpy,  12mo.  4s.  6d. 
PHjEdrtjs,  with  English  Notes,  &c.  by  Bradley,  improved  by  White,  12mo.  2s.  6d. 

Sallust,  with  English  Notes,  Commentary,  &c.  by  Anthon,  12mo 5s. 

Tacitus,  Germama  and  Agricola,  with  English  Notes,  &c.  by  Wliite,  12mo.  4s.  6d. 
Tbrbnoe,  from  Reinhardt's  Text,  with  English  Notes,  &c.by  Hickie,  12mo.  9s.  6d. 
VrBGiL,  Wa;gner's  Text,  with  Notes  and  6000  References,  by  Pycroft,  12mo.  7s.  6d. 

„       with  short  English  Notes  by  Valpy,  18mo 7s.  6d. 

MTJSICBOOKS,  &c. 

Conversations  on  Harmony,  with  Music  interspersed,  8vo 128. 

Formby's  Young  Singer's  Book  of  Songs,  4to Ss.  6d. 

„        Collection  of  Forty  Amusing  Rounds  and  Catches Is. 

„        Sacred  Songs,  4to 3s.  6d. 

„        Sixty  Amusing  Songs  for  Little  Singers,  4to 2s.  6d. 

Stepping-Stone  to  Music,  in  Question  and  Answer,  18mo Is. 

Turle  and  Taylor's  Singing-Book,  or  the  Art  of  Singing  at  Sight,  16mD 5s. 

London :    LONGMAN,  BROWN,  GREEN,  LONGMANS,  and  ROBERTS. 


(§tmxd  l^ists  0f  School- §xj0ks.       ii 

UATHEKATICS. 

Cape's  Course  of  Mathematics,  for  Addiscombe  College,  2  vols.  8vo 323. 

Salmon's  Treatise  on  Conic  Sections,  8vo 12s. 

Tate's  Mathematics  for  Working  Men,  Part  I.  Arithmetic  and  Alffebra,  8vo.  2b. 

Waddingham's  Geometrical  Treatise  on  Conic  Sections,  8vo 6s. 

Wrigley's  Collection  of  Mathematical  Examples  and  Problems,  8to Ss.  6d. 

MENSUEATION  (.tee  "  Land-Surveying"). 

NATUKAL  HISTOEY. 

Lee's  Elements  of  Xatural  History,  or  First  Prindples  of  Zoology,  fcp.  Svo.  78. 6d. 

Marcet's  Lessons  on  Animals,  Vegetables,  and  Minerals,  ISmo.  2s. 

Maunder's  Treasury  of  Natural  Histoi-y,  fcp.  Svo 10s. 

Stepping-stone  to  Natural  History,  in  Question  and  Answer  (cloth,  2s.  6d.) .  2s. 
Van  Der  Hoeven's  Handbook  of  Zoology,  translated  by  Clark,  Tot,.  I.  Svo.  .30s. 

PUBLIC  SPEAKING. 

Rowton's  debater,  or  New  Theory  of  Public  Speaking,  fcp.  Svo 68. 

SELI6I0US  and  MOBAL  WOBES. 

Bloomfield's  larger  Greek  Testament,  with  copious  English  Notes,  2  v.  Svo.  4Ss. 

„  College  and  School  Greek  Testament,  English  Notes,  fcp.  Svo..  .7s.  6d. 

„  „  „        Lexicon  to  the  Greek  Testament,  fcp.  Svo. . .  10s.  6d. 

Conybeare  &  Howson's  Life  &  Epistles  of  St.  Paul,  2  vols,  square  crown  Svo.  31s.  6d. 

Cotton's  Short  Prayers  for  Boys,  ISmo Is.  6d. 

Englishman's  Greek  Concordance  of  the  New  Testament,  royal  Svo 42s. 

„  Hebrew  Concordance  of  the  Old  Testament,  2  vols,  royal  Svo.'Ss.  6d. 

Gleig's  Sacred  Historj-,  ISmo.  (cloth,  2s.  6d.) 28. 

Home's  Introduction  to  the  Study  and  Knowledge  of  the  Scriptures,  4  v.  Svo.  73s.  6d. 

„      Compendium  of  Ditto,  12mo 9s. 

Humphreys's  Manual  of  Moral  Philosophy,  fcp.  Svo Ss.  6d. 

Jones's  Liturgical  Class-Book,  12mo Is.  6d. 

Kalisch's  Commentary  on  Exodut,  Svo.  15s.  ;  and  (Abridged) 12s. 

Paley's  Evidences  of  Christianity  and  Horse  Paulinie,  by  Potts,  Svo IDs.  6d. 

Beadings  for  Every  Day  in  Lent,  from  Jeremy  Taylor,  fcp.  Svo 5a. 

„         a  Month  preparatory  to  Confirmation,  fcp.  Svo 4s. 

Robinson's  Greek  and  English  Lexicon  to  the  Greek  Testament,  Svo ISs. 

Sewell's  Catechism  of  Early  English  Church  History,  fcp.  Svo 28. 

Stepping-Stone  to  Bible  Knowledge,  in  Question  and  Answer,  ISmo Is. 

Taylor's  Gallery  or  Collective  Bible  Lessons,  12mo 8s.  Bd. 

„       Word-Pictures  from  the  Bible,  12mo 4s.  6d. 

Tomline's  Introduction  to  the  Study  of  the  Bible,  fcp.  Svo 5s.  6d. 

Tumor's  Sacred  History  of  the  World,  3  vols,  post  Svo Sls.6d. 

Valpy's  Latin  Epitome  of  Sacred  History,  ISmo 2e. 

Wheeler's  Popular  Harmony  of  the  Bible,  fcp.  Svo Ss. 

London :   LONGMAN,  BROWN,  GREEN,  LONGMANS,  and  ROBERTS. 


12       ^mtxd  S^isb  of  Btl^oal-^ooks. 

SCIENCE  in  GENERAL,  NATTJIIAI  PHILOSOPHY,  &c. 

Book  of  Domestic  Econoinj-,  in  Gleig's  School  Series,  18mo Is. 

Brande's  LecUrres  on  Organic  Cliemisti-j-)  fcp.  8vo.  Woodcuts  7s.  6d. 

Brewster's  Treatise  on  Optics,  fcp.  Svo ,,.  .Sk.  6d. 

Downing's  Elements  of  Practiaal  Hydraulics,  Svo 5s» 

Faraday's  Lectures  on  the  Non-metallic  Elements,  fcp.  Svo 5s.  6d. 

Galbraith  and  Haughton's  Manual  of  Hydrostatics,  12mo 2s. 

„  „  „.    .     Mechanics,  12rao 2s. 

„  „  „  Optics,  12rao 2s. 

„  „  Scientific  Manuals,  each  2s. ;  or  eleth 2j.  W. 

Herschel'sPreliminaryDiseonrseon  the  Study  ofNaturalPliUosophy.fcp.Svo.  3».  6d. 

Hunt's  Researches  on  Light,  Svo.  Woodcuts lOs.  C  '.. 

Lardner  and  Walker's  Electricity,  Magnetism,  £  Meteorology,  2v.  fcp.  Svo.  78. 

Lardner's  Cabinet  Cyclopaedia,  133  vols £19. 13s. 

„         Treatise  on  Heat,  fcp.  Svo.  Vignette,  &c 3s.  6d. 

Main  and  Brown's  Marine  Steam-Engine,  Svo 12s.  Gd. 

„  „        Questions  and  Exaraination-Papers  on  ditto,  S\'0 Is.  6d. 

Mam\'B  Book  of  Health,  in  Gleig's  School  Series,  ISmo Is. 

Marcet's  Conversations  on  Natural  Philosophy  - Ms.  6d. 

„  „  Land  and  Water,  Svo 5s.  M. 

„  „  Vegetable  Physiology Ss. 

Maunder's  Scientific  and  Llterar>-  Treasui-y,  fcp.  Svo 10s. 

Moseley's  Illustrations  of  Practical  Meclianics,  fcp.  Svo 8s. 

Pereira's  Lectures  on  Polarised  Light,  edited  by  Powell,  iJcp.  Svo 7s. 

Peschel's  Elements  of  Physics,  translated  by  E.  West,  3  vols.  fcp.  Svo.. 21s. 

Phillips's  Guide  to  Geologj",  ith  Edition,  fcp.  Svo.  Plates  5s. 

„        Treatise  on  Geologj',  2  vols.  fcp.  Svo.  Vignettes,  <tc 7s. 

Powell's  Histoi-y  of  Natural  Philosophy,  fcp.  Svo.  Vignette  3s.  6d. 

Stepping-Stone  to  Animal  and  Vegetable  Physiology,  ISmo Is. 

Tate's  Course  of  Natural  and  Experimental  Philosophy,  2  vols.  ISmo 73. 

„     Electricity,  simplified  for  Beginners,  ISmo Is. 

„     Elements  of  Mechanism,  12mo 3s.  6d. 
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